BOUNDARY VALUE AND EXPANSION PROBLEMS OF ORDINARY 
LINEAR DIFFERENTIAL EQUATIONS* 


BY 


GEORGE D. BIRKHOFF 
Introduction. 


Let p,(x), p,(2), p,(%) be functions of the real variable x on the 
closed interval (a, 6), which are continuous with their derivatives of all orders. 


Write 


n—2,, 


d"z 
L(z)= dx” + + p, (x) + p,(%)2, 


(1) 


With the linear differential equation of the nth order in uw 
(2) L(u) + ru = 0F 
and linear homogeneous conditions in u(a), u'(a), ---, u"-Y(a), u(d), 
w'(b), 
(3) W,(u)=0, W,(u)=0, W,(u)=0 
we associate the like adjoint differential equation 
(4) M(v) + rv=0 
and n like adjoint conditions 
(5) V,(v)=0, V,(v)=0, V,(v) =0. 

For certain characteristic values of the complex parameter 2d there will exist 


* The second part of a paper presented to the Society (Chicago), March 30, 1907, under a 
different title. Thé first part of this paper has been printed on pages 219-231 of this volume. 
Received for publication May 12, 1908. 

t It is not an essential generalization to write instead of (2) 


if p+ 0, P+0, and p/P is real. We therefore restrict (2) as stated. MASON has 
treated a special case n=2 with the restriction P+ 0 removed, by different methods: these 
Transactions, vol. 8 (1907), p. 427. 
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a solution* u(x) of (2), (3) or v(x) of (4), (5). These values are the same in 
both cases: let them be 
with corresponding solutions 
u,(x), 


v(x), 


These functions u,(x), v;(#) are such that 


(6) = 0 (i+ 7). 


This property leads us to the formal expansion of a given function f(x) on (a, b), 


Ja 


(7) (a). 


How are the characteristic values distributed in the A-plane? What is the 
nature of the solutions u,(x),v,(7)? In what sense does the expansion repre- 
sent f(x)? These are the questions considered in this paper. 

We begin with the derivation of the formal properties of the boundary value 
problem (§1), and of the expression for the sum of n terms of (7) by means of a 


contour integral (§ 2). 

There follows the more intimate study which is based on certain facts concerning 
the asymptotic nature of the solutions of (2) and of (4) when |)| is large. These 
facts are derived as an application of my paper in a preceding number of these 
Transactions (§3). The distribution of the numbers X, and the nature of 
the expansion is then obtained ($4 and §5). Finally the contour integral is 
evaluated and the representation theorem proved (§ 6). The expansion is found 
to behave like a Fourier series except in the vicinity of x= a and x=). 

LIOUVILLE was the first to introduce the notion of adjoint conditions in a special 
case ¢ and to consider the related expansion. The results of the present paper are 
/ known for the real self-adjoint case n= 2.{ WESTFALL has proved a repre- 
sentation theorem for the real self-adjoint case n = 2m, providing that /() 
and its first n derivatives are continuous. § 

* By a solution we mean always a solution not identically zero. 

¢{ Liouville’s Journal, ser. 1, vol. 3 (1838), p. 561. Professor E. H. MoorE suggested 
to me the possibility of generalization. 

tA. KNEsER, Mathematische Annalen, vol. 58 (1901), p. 81; Dixon, Proceedings 
of the London Mat’ 2matical Society, ser. 2, vol. 3 (1905), p. 83. 

2 W. D. A. WESTFALL, Zur Theorie der Integralgleichungen, A. MYLLER, Gewéhnliche Diffe- 
rentialgleichungen hiherer Ordnung in ihrer Beziehung zu den Integralgleichungen. Géittingen 
dissertations (1905 and 1906). Reference should also be made to HILBERT’s antecedent papers on 
integral equations in the Géttinger Nachrichten for 1904. 
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§1. The formal nature of the boundary value problem. 


We must first make precise the adjoint conditions referred to. 

DeriniTion. Let W,(u), ---, W,(u) be m given linear forms in u(a), 
u(b), w(b), ---, and W,,,(u),---, W,,(u) 
be any » further linear forms so chosen that W,, ---, W,, are linearly inde- 
pendent. Then in the identity 


b 


(8) f 2L(y)da = P(y,2) f 


a 


where P(y, z)|%=* is a bilinear form in y(a), y'(a),---, y*-?(a), y(0), 
y'(b), and z(a), z(a), ---, 2"-(a), z(b), z(b), ---, 
we can write 

x=b 2n 
in which V;(z) are linear in 2(@), z'(a), +--+, 
and linearly independent. Then V,(v)=0 (i=1, 2, ---, ) are the adjoint 
conditions to the given conditions W,(uw)=0 (i=1,2,---,m). Any set of 
conditions Wu) =0 (i=1, 2, ---, n) equivalent to Wu) =0 (i=1, 2, ---, n) 
by linear combination, with any choice of W,,,(u), ---, W,,(w) leads to a set 
of adjoint conditions V,(v) = 0 (i=1, 2, .--, equivalent to V,(v) = 0 
(i =1, 2, ---, m) by linear combination. 

Conversely, given V,(v) = 0(i=1,2,---,) we choose V_,,,---, V,, as 
above and find W,(u)=0(i=1, 2,---, n) to be the adjoint conditions. 
Hence if the problem (4), (5) is adjoint to (2), (3), so also is (2), (3) adjoint to 
(4), (5). 

The properties which this section proves are stated in I-III. 

I. If for X=" a solution u*(x) of (2), (8) exists, a solution v"(x) of (4), 
(5) will also exist for X=" ; if u(x) is unique (except for a constant factor), 
v(x) is also unique (except for a constant factor). 

Let u* be the given solution of (2), (8) for A= 2*. Then we have 


W,(u*) = W,(u*) = W,(u*) =0, 
+0, 


and for some j 


as otherwise we should infer 
(a) = u'(b) = = = 0. 
In the n-fold linear spread of solutions v(2) of (4) at X = A* there will be at 


least one, say v"(x), which satisfies the nm — 1 linear homogeneous conditions 


=0 (i+J). 
* Cf. SCHLESINGER: Handbuch der Theorie der linearen Differentialgleichungen, vol. 1, p. 54, 
formula (1). 


\ 
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Substitute in (8) y = u", z = v" and we obtain 


a 


b 
af vu'dx= W,,,(u')V,_,(v") — u'v'dz. 


Therefore V,_,(v") = 0 also, and v" will satisfy (4), (5). 

If u* is unique, v is also unique. To prove this assume if possible that 
there were two linearly independent solutions v" and v™ satisfying (4), (5) when 
X = A", while u* is unique. Then we could choose i and j so that 


| 
otherwise we should have constants c, d, not both zero, such that 


V4 ,( ev" + dv™) = 0 


and v = cv" + dv™ would fulfill,the 2” conditions 
V,(v) =V,(v) = = = 9, 


which is not possible since the V,, ---, V,, are linearly independent. Choose 
now w™ linearly independent of wu” to fulfill the n — 2 conditions 


W,(u") = 0, (J +n —iorn—j) 


where /=1,2,---,”. Writing in (8) y=u",z=v" and y=u",z =v", we 
obtain, on simplifying, 
+ W,(u") = 0. 


nt+é ntj 


From this we deduce that also 
= W,_,(u") = 0. 


n—i 


Therefore u™ would satisfy (2), (3). This is impossible. Hence if u* is unique, 
is also unique, which we were ‘to show. 

Derinition. If =X" is a characteristic value of % for which one and but 
one solution of (2), (3) and (4), (5) exists, \° is said to be a simple characteristic 
value. 

Il. If are n linearly independent solutions of (2) at \ =’, 
the condition that X" is a characteristic value is that the determinant 


Wi(y,)| 


| 
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vanishes ; the condition that X* is a simple characteristic value is that not all 
the first minors vanish. 
The general solution of (2) is 


Under the condition A = 0 at least one determination of c,, c,,---, ¢, is possible 


such that 
W,(u)=0, W,(u)=9, ---, W,(u) = 9. 


This determination is unique when not all the first minors of A vanish. 
Ill. [fu;(x) and v,(«) belong to distinct characteristic numbers and 2, , 


then is 
b 
u,v, dx = 0. 


For write y = u,,z =v, in (8). Because of (9) we deduce 


mde =— u.v.dx, 
J tJ 
a a 


whence the desired relation follows. 

In important particular cases the problem (4), (5) may be precisely (2), (3) 
with v in place of w. We then say that the problem (2), (3) is self-adjoint. 
Or (4), (5) may be precisely (2), (3) with v in place of u, except that M(v) is 
the negative of L(v). We then say that the problem (2), (3) is anti-self-adjoint. 


§ 2. Hapansion as contour integral. 


It is easy to prove that when 2 is not a characteristic number there exists a 
unique such that the solution ¢ of 


L($)+A¢d =a, W,(¢) = W,(¢) =---= W,(¢) =9, 
is given by 
b 
8; %) w(s)ds; 
and likewise that there exists a unique /7(x, s; ») such that the solution ¢ of 
is given by 
b 
H (x, 8; )o@(s)ds. 


* Professor BOCHER has defined the Green’s function G for an ordinary linear differential 
equation of order n under a special form of conditions, and has stated the principal properties in 
the Bulletin of the American Mathematical Society, vol. 7 (1901), p. 297. 


| 
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The explicit formula for G is b 
y,(x) y, (2) G(x, 832) 
Wily) Wily.) Wily) 
Wotan) Way.) WG) 


A(A) Wi(%) Wily.) 
(—1)" W,(y2) W,(y,.) 


(10) G(x, 8; 


Wy) 


in which 


oti ) ) | 


(+ ifea>s,—ife<s). 
Here y,, y,, +++, y, are any ” linearly independent solutions of (2). There is a 
like formula for (2,8; %). Furthermore 
G(x, 8; %) = H(s, x; 

The function G is analytic in A (since y,, y,,---, y, may be taken analytic 
in 2) except for a possible pole when A(X) = 0, i. e. by II, § 1, when d is a 
characteristic value. 

If X =X, is a simple charactefistic number for which G has a pole of the 
Jirst order, the residue is 

u,(2)v,(8) 


dz 


where 


ae +0. 


Write 


= For formulas like these and their proofs see WESTFALL’s dissertation, 22 6, 7. 
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where o(x, 8; X) is analytic at X\=2,. In view of (10) we have 


where N is continuous with its first n derivatives since the coefficient of G is zero. 
Further JV satisfies (2), (3) for all X so that (x, s) must be a solution of 
(2), (3) in w Because of the relation between G and H, we infer also that 
R(x, s) is a solution of (4), (5) in s. By the definition of a simple character- 
istic value it follows that the residue is 


R(x, 


It remains to determine c,. 
By (12) we have 


lim [(A G(a, 85 — 0,(8)] = 9, 


whence 


lim fee, 8; r)u,(s)ds — ean) 


A=Aj 
But since 
L(u,) + u, = (A—A,)u,, W,(u;) = W,(u,) =---= W,(u,) =9, 
we have by the fundamental property of G 
b 
f G(x, 8; 


Substituting this value above we find 


tim | — f ds] = 0. 


c, | v,(s)u,(s)ds=1, 


Therefore 


out of which c, is determined ; this proves that the residue has the stated form. 
If be a contour in the A-plane which encloses A,, ---, we conclude by 
the above that 


n? 


i\? 


*In this proof certain points of logic are obviously slurred over. 


| 
N (x, 8; X, 
| 
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This is the sum of n terms of the formal expansion, providing that 2,,X,, «++, , 
are simple characteristic numbers at which G has a pole of the first order. At 
values A, for which these conditions are not satisfied, the corresponding term 


of the formal expansion (7) is to be replaced by 


f Rue, s)f(s)ds 


where 2,(x, 8) is the residue. Thus in all cases we have an expansion each 
term of which is uniquely determined. We omit the development of P(x, s) 
in these more complicated cases. 


§3. The solutions of L(u) + ru =0 and M(v) + Av = 0 when |X| is large. 


As a preliminary to the deeper study of the problems which have been pre- 
sented, I apply the results of my paper printed on pages 219-231 of the present 
volume to the differential equations Z(w) + Au = 0 and (v) +rAv= 0. 

If we write \ = p", the first of these differential equations can be written in 
the form there treated [see (1), loc. cit.], 


in n—1 


d*u 
dar P) +++ + (x, p)u=0, 


P,(#) 


P,(®) 


@(2%,p)=1+ 


The coefficients obviously satisfy the restriction imposed, and the equation for 
[see (4), loc. cit.], is 
(14) +1=0. 


Thus w,, w,, ---, w, are constants. We also find (proof of Lemma 1, loc. cit.) 
(15) u(x) =1 
In order to state in explicit form the theorem for this case, it remains to con- 


sider the regions S (definition, p. 220). Inasmuch as w,, w,, ---, w, are con- 
stants we can for each p choose the indices 1 to n so that 


R (pw, ) = R(pw,) R(pw,) 


for every x on (a,b). Hence every p is on some region S,@ =argp=y. 
At the bounding rays the ordering changes so that for some i and j 
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R(pw,) = R(pw,) 
An easy computation shows that the regions S are the regions 


1 
Sargp = <(/ ad (1=0,1, ..., 2n—1). 


(16) 
The differential equation M(v) + Av = 0 also is of the same type when we 

put A=p”". The roots w,(x) are 

(17) 

and in the formal solutions we have 

(18) =1 (i=1,2,-++,m). 

The regions S are the same as for Z(w) + Au = 0. 


Let £ be a generic notation for functions of p (and other variables), bounded 
when |p| is large. The application of the theorem referred to gives: 
On any region of the p-plane 


(19) S: arg p = 


n 
there exist n independent solutions, 

Yor Y, FL(u) + p'u=0,z 
of M(v) + pv = 0, 


analytic in p and such that on this region 


(20) 


dy; 


E, 
wi(z—a) 
p) + erm 


d 
(2—a) _ n—1 
— dx u,(x, + 9 


E, 
(2, p) + en —a) 
p 
dz. ad E 


E 
= ax" —1 %; (x, p) 


381 
| | | | 
da” 
(22) 
di 
where 
| 
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(28) 
v,(x, p) = ee 
p 


Wz, +++, w, being the n roots of + 1=9, m any positive integer. 


§ 4. Distribution of the characteristic values. 


The condition that 2° is a characteristic number is that the determinant A 
vanishes (II, §1). The i-th element in the j-th column of A is W,(y,) where 
Yor Y, ave any linearly independent solutions of L(w)+u=0. 
In order to treat the equation A = 0 we take y, to be the y,; of (20) §3 where 
X =p". In addition we assume the conditions W, to be normalized as follows. 
Reduce the number of conditions W,(w) = 0 of order n —1 [i. e., containing 
either u—-”(a) or w"- (b)] to a minimum, at most 2, by linear combination. 
Then, in those that remain reduce the number of order n — 2 to a minimum, 
at most 2, by linear combination. Continue in this way as long as conditions 
remain. The normalized conditions will have the form 


(24) W,(u) = W,,(u) + Wy(u)=0, 


W,,,(u) = au(a)+ >> a,u?(a), 
j=0 


=: Zk), 
W,,(u) = + B,w(d), 
j=0 


in which no three successive k’s are equal. 
Dertnition. Let the w, be taken in every order such that for some p + 0 


B(pw,) < R(pw,). 


If n = 24 — 1 and always neither #, = 0 nor 0, = 0, where 0, and @, are defined 
by the identity 
a, wit a, (a, + 8B, ) wi By B, whe | 


(25) 


+++ (a, + 88, ) wi B, By wht 


a, wi" a, (4, + wis B, win B, whe 


or if n = 2u and always neither 6,=0 nor 0,=0, where 0,, 0,, and 0, are 
defined by the identity 


| 382 
| 
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(26) 6,4 = 


1 


1 


1 


the conditions W,(u) = 0 (i=1, 2, ---, n) are said to be regular.* 

We now proceed to prove the 

TueorEM. Jf the conditions W,(u)=0 (i=1, 2,---, 2) are regular, the 
characteristic values of for (2), (3) and (4), (5) are in general simplet and 
form a pair of infinite sequences d,,, Ay, (1 =1, 2, ---) such that 


Qe Y—1\" mtg, By, 
= — ( ) +z): 


—1 
= — (= —) (1+; > 


a 


(27) 


‘where 9r;5 Ju; are constants and | E,,|< M,| Ey,|< M. 

We consider the equation A = 0 in the p-plane, fixing attention on some region 
(19) for 7=7,. The transformation =p" makes two adjacent regions S$ 
correspond to the entire A-plane. It is convenient to consider separately the 
cases n= 2u4—1 and n=2yu. The starting point is the set of relations 
[deduced from (21) ] 


m—1 rei 


* This apparently gives one condition for each region S, but these reduce to two for n =2u—1 
and to one when n=2u. It is worthy of note that the StuRM-LIOUVILLE boundary conditions 


(n=2) of the form 
hu(a)+kuw’(a)=0, lu(b)+mu’(b) = 


and also the periodic boundary conditions (n= 2) 
u(a)=u(b), w(a)=u'(d), 
are regular. An example of non-regular conditions (n=2) is 


u(a)=0, u/(a)=ku(b). 
t See § 1. 


\ 
’ 
é 
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CasEl. n=2y—1. 
By definition of the regions S we can choose indices 1 to n so that 


R(pw,) = R(pw,) =--- = R(pw,) 


for the region (19) under consideration. Making this choice we find readily that 


on 


(29) R(pw;) <0 (i 
R(pw,) > 9 
while 

(30) R(pw,) =9, arg p= (% 20), 


From (28) and (29) we see that in the formula 
yy) = Waly) + Waly) 
the term W,,(y,) can be absorbed into the term W,,(y,) since e°°- is small 
of an infinite order i in 1/p on S; that is, we can write 
By like reasoning we find 


m—1 
(32) W,(y,) = (pw, 8, iy! 


Also from (28) 


E 
(33) = (em, 4 = | 
i=1 


| +++, 


m—1 42 


If we substitute in A these values of W,(y,) as given in (31), om (33), and 
remove the factors p“ from the i-th row (i =1, 2,---, »), and the factors 
from the j-th column (j = +1, w+ 2,---, ), i. e., altogether the 
non-zero factor 


n 


II p* 


the condition takes the form 


m—1 E m— 
j=l P 


=I TI epwid—a), A. 


i=1 j=utl 
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The quantities 6, and 6, are the 6, and 6, of (25). In fact (25) was formed to 
give these terms. 
Since A was analytic in p, A will be also analytic in p. 
The expressions of the first minors of the 4-th column of A, 
E 


b 
a+ m 
pt p 


cannot have all their first terms a= 0 since then 6, = 0, = 0, contradicting 
the hypothesis. Hence for large values of |p| not all these first minors vanish. 
If we return to A, we see that accordingly not all its first minors vanish. The 
characteristic numbers when || is large must therefore be simple. This was 
part of the theorem. 
From (84) we obtain the equivalent condition 
pw, (b—a) __ 8; 


by solving for e°"’«°-®. From this we infer 


(35) pw, (6—a) = log 8(p), 


log 8(p) = log + — 1, 
6, j=1P 
the final form of the condition, in which of course / is analytic in p on S. 
In view of this condition, it is obvious that the values of p on S which satisfy 


A = 0 have when |p| is large the form 


lo ( 9, 

a= (boa) t te 
where / is a large positive integer. Since by (30) 


(4+%) 


argo =— 
n 2° 


we see from (36) that the + sign is to be so chosen that the p, approach asymp- 
totically (in an angular sense) the bisecting ray of S. Let now p describe a 
circle of fixed small radius r about 


] 4, 
8\— 

w,(b—a) w,(b—a) 
This will be wholly within S when |p| is large; and 


arg [ pw,(b— a) — log 5(p)] 


| 
| 
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increases by 27 if the inequality 
m—1 e. E 
r b —ada ~ + m |? 


obtains as is true for |p| large. This proves the unique existence of p, when 
|p| is large, and the distribution of values p is determined. 
It remains to return to the A-plane; S becomes S’ 


S’: lw Sarg S(1,+1)z. 


The values of X approach the positive or negative axis of imaginaries according 
as /, is even or odd, and by (36) have the form stated in the theorem where for 


some 
oe 
n 
6, 


Ju OF Jin | 
This completes the proof when n = 24 —1. 
Case Il. n= 2p. 
The proof is analogous to that for Case 1. lf pw,, pw,, ---, pw, have 
increasing real parts on S we find 


R(pw,) <9 (i=1,2,---,“—1), 
pw,) (t=4+2,4+3,---,n), 
while 
R(pw,) = R(pw,,,)=9, arg p = either or ( 
and w,,,=—w,. The region S is of course defined by (19) as before. We 


now find W,(y,) to be of the form (31) for j = 1, 2,---, «— 1 and of the form 
(32) for j = also forj=y,u+1 we find 


m—1 a; E m—1 Bi, E 
Wi(y.) = (pe, | + pro, E> 
(87) i=1 P Pp i=1 P 
E 
(— pw, )* [a+ 4 
l=1 
writing w, ., = — 


These expressions W,(y,) are substituted in A and a factor 


n n 
kei. pw(b—a) 


j=ut2 


is removed. The equation A = 0 becomes then of the form 
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mic, E mid, E, 
(38) A= (0,45 44 + +2 


P? p™ 


P 


n 


II II epud—a) , A, 


i=1 j=mt+2 
6,, 9,, 8, being defined as in (26). The equation (38) is quadratic in e°“«°-”, 
This equation (38) will yield the forms stated in the theorem for the charac- 
teristic values A,,, Ay;,0n S. They must lie near to one of the bounding rays, 
say argp=(/,+1)7/n. If we consider the necessary form of the expansion 
on the other region S adjoining this ray, i. e., on the region 


9 
<argp= (4, + 


n 


we obtain the same equation (38) except for different E-terms perhaps; hence 
the same necessary form for ),,, A;;, as before. Thus we have the necessary 
form for the entire \-plane. 

The final fact of unique existence is demonstrated as before unless 


0 0 


either arg 9;, = or arg gin = 


when the values p,,, py, may come indefinitely near to the bounding ray 
argp=(J,+1)7/n. By considering first the case 


= p;(#) = p,(x) =0 


when the solutions y, are known, and by using continuity considerations, the 
fact of unique existence can be established for this case also. 


§ 5. Nature of the expansion. 


In this section we give a notion of the character of u;, v, and of the expan- 
sion (7). 
Let us first develop the character of w,, in the casen = 2u—1. Clearly 


(89) Uy = CY, + coc + CY, 
where we have for the determination of c,, c,, ---, ¢, the equations 
(40) Wily) +6, Wily.) =9 


Substitute in the matrix ||W,(y,)|| the expressions given in (81), (32), (33) 
and remove the factor p* from the ith column (i=1, 2, ---, 2); write for p 
the values (86). This matrix then takes the form 


387 
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> | 
Wi + w, * | 
(41) P, P P, P "wn P,, || 
| 
Mutt 
> 
where the P, are of the form 
b E 
(42) 
and 
— 


n 


The c¢, are proportional to the minors of any row, say the first. The minors 


of the elements 1 to yu contain all the factors 


n 


Il My 


i=yu+1 


besides a factor like (42), while the minors of the element i, i > u, contain all 


these except e”« besides a factor like (42). We conclude that 


(i=1,2,---,#), 


(43) 
where (), is of the form (42). 
If we substitute into (21) the values (36), we obtain 


where J’, is of the form 

b(a E 
(45) a+ 


Placing the expressions for c, and y; of (43) and (44) in (39), we derive the 


form of u,,; likewise the form of w,;,, v;,, Vy, is obtained. We have finally 


v z—b 
Uy, = e b + > Wy (= 5). 


i=l i=yu+1 


Uy = e + (=) Ou, + e Wy ( =a) 


i=l 
( Vix it e = ) Va > b—a ) Vins 


i=1 
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Here U, V are of the form (45) and n = 24 — 1. 
When x = 2y we get in the same manner 
Vv (— a “) r—a n , 


z—a 


(47) +2 a ute b—a Vi, +e b—a/ A + e Ven 


r—a 


) l 
—a U, ute 


h— b—a —¢ 

n r a 

9 9 
2rV — lg, lg, 
3 

n n 


In both (46) and (47) it is to be noted that the =-terms are not important 
except at « = a and x=), since the real parts of the exponential terms are 
large and negative for / large and a<2<b. We omit the fuller discussion, 
to be made by (46) and (47). It is worthy of remark that the simplest case 


n=l, L(uj=u, W,(u) = u(a)—u(b) 


yields the Fourier series. The general expansion is clearly of a similar nature. 


§ 6. Convergence of expansion to f(a). 


We have expressed the sum of » terms of the expansion (7) in the form 


1 
—1 G(x, 8; rA)f(s)dsdr, 


where I’ is some contour which contains \,, A,, ---, %, but no other character- 
istic values within it; G is explicitly defined [see (10)] in terms of the solu- 
tions y, of L(w)+Aw=O0. By means of the known asymptotic character of 
the y, we determine-the character of G, and then evaluate the contour integral 
as T enlarges without bound. 

For convenience let us use the notation [w] for an expression 


w 
p 


where w, a, --- are independent of p but need not be constants. 
Trans. Am. Math. Soc. 26 
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THEorEeM. Let f(a) be made up of a finite number of pieces in the 
interval a = x = b, each real, continuous, and with a continuous derivative. 
Unless x =a or «=)b, the expansion for f(x) connected with the differ- 
ential equation L{u) + ru =90 and the regular boundary conditions 
converges to At 


av = a the series converges to 
a, f(a+90)+a,f(b—0) 


and at x = 6 to 


where a,, a,, b,, b, are constants independent of f(x ).* 

Proof. We restrict ourselves first to the casen=24—1. At the end we 
outline a similar proof for n = 2p. 

Let the contour [ be taken as a circle |X| = & in the A-plane. If the trans- 
formation \ = p" be made, we find 


b b 
I= ff np" "G(x, 8; )f(s)dsdp + fw s; X)f(s)dsdp. 
a?" 
In this expression +, is the segment of a circle |p| = & lying on a region S, 


and ¥, is the segment of the same circle lying on the adjacent region S, 


We confine our attention to the partial integral 


(48) mp G(x, 83 f(s)dsdp, 
¢ 


taking a<a2<b. It is found to tend toward f(x—0)/4. By considera- 
tions of symmetry the limiting values of the remaining partial integrals are 
determined. The first part of the theorem then follows. 

Let B be the bisection point of y, and A, C itsend points. Take ABP as that 
segment of , for which 
(49) R(pw,) <0 


and BC as that segment of y, for which 
(50) R(pw,) >. 


* For definitions of regular conditions see §4. The restrictions imposed on f(z) might be 
lightened but only at the cost of brevity. 


(4, +1)7 (4, 
=: 
n ans P n 
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To treat G on AB, write 
(51) 


where the y, of (11) have been 


cient of 7, in 


y, (8) 
But by (21) 
(52) 


G(x, 8; 


T, 


Y2(8) 


¥,( 8) 


DIFFERENTIAL EQUATIONS 


The indices 1 to n of w, are chosen as in (29) and (30). 
I°-* in two parts I“; and J%;*, both of which are attacked in the same way. 


taken as the y, of (21). 


y,, (8) 
(8) 


y, (8) 


If these expressions be substituted above we find 


(53) 


* 
7;(8) = | a= w,| 


since — w,/n is the coefficient of 7, in the expression 


*The denominator contains the factors e?”“ 
It is to be remembered that, if ¢ +0, 


columns of the numerator. 


8—a) 


which we divide into the corresponding i-th 


We must break up 


x > 8, 


—ifx<s, 


Then 7, is the coeffi- 


391 
— = 
— 
| 7, 
| 
1 1 


| 
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In fact this coefficient m, satisfies the conditions 
wim,=9 (j=0,1,---,n—2) > = 1. 
s=1 i=l 


These show that m, has the stated value. 
By (51) 


G(x, 8; A)=+ 
i=l 


since a << s <~ for the partial integral 7437. Also 


From these equations it is clear that if we multiply the columns 1 to yu of 
8; %) in (10) by + 39,(s) (t=1, 2,---, the columns +1 ton 
by — 397,(s) (i 2, ---, and add them to the last column, this 
last column has the elements 


i=1 j= 
By (21), (28), and (53) these are of the forms 


1 “ 


54 


Bw") + ) (i=1, 2, +++, 
j=1 j=utl 


In the new notation equations (21), (31), (32), (33), and (34) give also 


y,= 1] (i=1,2,---,n), 

| | (j 1, 2, ’ ), 

(55) Wi(y,) = + [ B,wit]) 
p* [B; wi | (j 1, 2, ); 


We introduce these expressions into (10) where the elements of the last column 
of VV have been modified to the form (54). The factors of the denominator A()) 
we can divide into the numerator as follows: the factor — 1 into the last column, 
the factor p* into the (i + 1)-th row, the factor e°"“°—” into the j-th column, the 
remaining factor A into the wth column. We thus obtain 


n 
n n 
n 
n 
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1 
(58) G(x, 85%) = 
e [1] --- ] + [1] Le [ 


n 


k a,, B, k = wib—s 


jai 


j=utl 


From this form of G' we can easily determine the limit of 75”. 
Assume the sequence of circles so chosen that their distance from the nearest 
point p;,, Py, is at least d>0.* Then on AB when |p| is large 


(57) + > M>0. 
In fact if 
[ 9, ] + = $, 


where | ¢| is small, we infer at once that the point p lies near to p,, or 9,;,. 

In view of (57), every element of G' given by (56) is bounded on AB since 
the exponents have negative or zero real parts [see (29) and (49)]. Further, 
when this expression for G is used in J“%;* the factor np"~' cancels. 

Consider those terms of /“;; which do not contain the first element of the 
last column; s is confined to this column. When we integrate these terms as 
to s, they have the form M/p (1 bounded), as an integration by parts between 
the points of discontinuity of f(s) shows. But these terms all contain as factor 
an element of the first row, not the last element, beside other bounded elements ; 
since these first row terms are small for | p| large, except the «-th one when p is near 


to B,+ we conclude that the p-integration of them will yield only small terms.{ 


* This refers to the minimum distance of piz, p11 from any point of the circle. In the proof 
of the theorem of 2 4, p1z, p11z (corresponding to 41, A117) were found to be approximately equally 
spaced along the bisectors of S, and S,. The above construction of a sequence of circles is there- 
fore possible. 

t Then pw, is a pure imaginary. 


Be | 
t dp | < maximum of on’ 


This is small everywhere on AB if ¢ issmall. Even if ¢ is small except for a little part of AB, 
this integral is small. ‘Small’ means of course indefinitely small as |p| becomes indefinitely 
large. 


{ 
{ 
{ 
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Accordingly we need only consider the terms which contain the first element 
of the last column. This element has a coefficient 1, as it had originally in 
G(x, 8;%). Here again we can restrict ourselves to terms in the brackets 


which do not contain 1/p. Finally therefore 


1 
= (Sen ds dp +e, 


where ¢ signifies a quantity which tends to 0 as |p| increases. 
Integrating by parts we find 


where ¢ is certainly small unless i = » and p is near to B. From this we con- 


clude that 


and therefore 


To treat we multiply the columns 1 to of N(x, by 
+ 3¥;(s), and the columns yu to n by — }37,(s) and add them to the last 
column. The elements of the u-th column can be written in this case 


( [ a, ] + 
[ 8, | + [ ] [ 9, ] > [9] 


and all the elements are bounded as before. The important term again comes 
from the first element of the last column, and we find precisely as before that 


(i= 1,2, -+:,m), 


wr 
(59) = 4n +e. 


Adding (58) and (59) we find- 
It =} f(x—0)+.e, 


and by symmetry 


+¢, Iv’ = tf(#+9) +e, +e. 


Hence we find 
‘(#—0)4+ f(2+0 


a—b 
Is 


This proves the first part of the theorem. 
When x = 6 the preceding work must be modified, since now the elements 


| 
= 

| 
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“+1 to n of the first row in (56) have the form [1]. Other elements of 
the last column now become important beside the first. An integration by parts 
with respect to s followed by a p-integration gives us terms 


b, f(a +0) b, f(b — 0). 


The same result must of course hold at « = a. 

When n = 2y the attack is almost the same. One obtains a determinant 
expression for G by modifying the last column and distributing the two factors 
of A into the w-th and (“+ 1)-th column.* The elements are bounded on y, 
in this case and one obtains first 7“>’ which tends toward }f(#—). The 
remainder of the proof is as before. 


* See (38) in which A is factorable into 


—pw,y (b—a) 


(Le) +e 


AN APPLICATION OF THE FORM-PROBLEMS ASSOCIATED WITH 
CERTAIN CREMONA GROUPS TO THE SOLUTION OF 
EQUATIONS OF HIGHER DEGREE* 


BY 


ARTHUR B. COBLE 


Introduction. 


Certain groups of Cremona transformations isomorphic with the symmetric 
group of order n! are discussed in this paper. They are seen to define form- 
problems in much the same way as groups of collineations, the known quantities 
or parameters in the problem being the invariants of the n-ic under linear trans- 
formation. The well-known theory of binary forms is thus utilized to the utmost 
in reducing the number of parameters that occur in the general equation of 
degree n. 

The earlier paragraphs are devoted to a detailed study of the quintic. These 
have close contact at many points with Kietn’s Zkosaeder. In §1 and § 2 
Cremona groups of order 120 and their invariants are given. In § 3 the form- 
problems determined by these groups are formulated. They contain as param- 
eters two absolute invariants of the quintic. For want of a more direct method, 
in § 4 the Cremona form-problem is made to depend on KLEtn’s “ problem of 
the A’s.” It is probable that this form of the reduction of the quintic to the 
A-problem is as simple as can be devised.t{ It is indeterminate only so far as 
the choice of the two absolute invariants is concerned. Since the solution of 
the A-problem proposed in the 7iosaeder is not carried out completely, a new 
solution is given in § 5 and all the necessary calculations are made. The sum- 
mary in § 6 shows that the solution of the quintic, after the adjunction of the 
square root of its discriminant, is obtained by an extraction of a square root, a 
determination of the ikosahedral irrationality and furthermore by substitutions 
in explicitly given rational expressions. 

The discussion of the general case in § 8 emphasizes the importance of this 


* Presented to the Society December 27, 1907. Received for publication February 11, 1908. 
t See the opening remarks of 2 7. 
{ See other methods suggested in the [kosaeder, p. 248, § 6. 
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novel Cremona form-problem, both as effecting an immediate reduction in the 
number of parameters found in the original problem, and as being the first in a 
series of successively simpler form-problems by means of which the given equa- 
tion ean be solved. 

The distinction preserved by Kiem between the “ form-problem”’ and its 
accompanying “ equation-problem”’ is here not maintained. In fact, nearly all 
the problems referred to hereafter as form-problems are, in reality, equation- 
problems. The two are very closely connected, however, and the former term 
is much more characteristic. Strictly speaking, a Cremona group cannot define 
a form-problem. 


§ 1. The Cremona group of order 120 determined by five points in a plane.* 


The group is suggested by this problem: Given two sets of n points, p,, Ps 

ONE the same or different planes, the two sets 
being ordered with regard to each other, under what conditions can points x 
and y be found such that the pencil of lines from «x to the points p, is projec- 
tive to the pencil of lines from y to the points q,? 

When is 3, there is no limitation on x and y except that if 2 is on a line 
P;P,» y is on the line q,¢,. 

When » is 4, if x is any point on a conic through p,, ---, p,, y is any point 
on a definite conic through q¢,, ---, q,- A one-to-one relation is thus established 
between the pencils of conics through the two sets of four points, which is fixed 
by the requirement that the three line pairs of the one pencil correspond to the 
three line pairs of the other. 

When x is 5, there is a one-to-one correspondence between the points x and y. 
They are corresponding points: in a Cremona transformation, T. For if x is 
given, to the conics xp, p, p,p, and xp, p, PP, * correspond conies yq, N94, and 
‘ which meet at Yoo No and the required fourth point To deter- 
mine the order of 7’ we examine its principal points. If x is at p,, it deter- 
mines only a four-line pencil p,—p,, P.5 Py, P,- Hence y is any point on a 
conic through ¢,, 9,, 9,5 9,- The five points p, are, then, double principal 
points of 7’ and the five points g, are double principal points of 7~'. If x 
is any point on the conic PoP: PoPs Po » y isa definite point g. Therefore q¢ 
is a sixth double principal point of 7~-'. If y is any point on the conic 


%°°*% >» & is a definite point p, the sixth double principal point of 7. 
For all other points the transformation is determinate, i. e., 7’ is a Cremona 


transformation of the fifth order with six double principal points. 


*The Cremona Gj of §2 has been studied exhaustively by H. E. SLAUGHT, American 
Journal of Mathematics, vol. 22 (1900), p. 343 and vol. 23 (1901), p. 99. In the later 
paper the connection between the invariants of the group and the invariants of the quintic is 
obtained by a method different from that of § 2. The generalized group, Gn; in S,—s, considered 
in §8 is due to E. H. Mookz, American Journal of Mathematics, vol. 22 (1900), p. 279. 
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Moreover 7’ is the most general Cremona transformation of that type. If 
Ty ?,5°**,%, and s8,, 8,,---, 8, are the two sets of double principal points of 
such a transformation, 7, and s, being “ opposite” points, i. e., points such that 
the principal conic of the one does not pass through the other, the pencil of conics 
through four points 7, corresponds to the pencil of conics through the four oppo- 
site points s, in such a way that the line pairs in the two pencils correspond. 
Hence if » and y are a pair of corresponding points, the six lines from « to r, 
are projective to the six lines from y to s,. If w is at r,, y is any point on the 
conic through the five points g,, / + i, and the five lines from r, to 7, are pro- 
jective to the five points ¢, on their conic. Two sets of six points with this 
property will be called a “ double-six-point.”’ * 

The necessary and sufficient condition that two sets of six points be the 
double principal points of a Cremona transformation, T, of the fifth order is 
that the two sets form a double-six-point. If x and y are a pair of correspond- 
ing points the sextic line pencils from x and y, to the principal points of T and 
T—' respectively, are projective. 

T is fully defined when five pairs of opposite points are given. If the five 
points g coincide with the five points p, qg, falling on p,, the transformation is 
the identity. And if the points g, in some permutation, fall on the points p, 
the transformation is of the fifth order and periodic, with the same period as the 
permutation. By employing the 120 permutations of the points q, with refer- 
ence to a fixed order of the points p,,a group of 120 transformations is obtained 
isomorphic with the symmetric group on five things. Any transformation can 
be represented by a permutation. Thus (°) 2.5 3.) is the transformation in 


which the principal conic of p, passes through p,,, Po.s Pu,» Pa,» and through 


a4 
the sixth principal point of 7’-', which will be denoted by p with a subscript 
giving the inverse permutation in cycle form. <A set of 120 conjugate points 
determine 120 five-line pencils to the points p,, which are all projective in vari- 
ous orders. Thus a binary quintic determines a set of 120 conjugate points in 
the plane and a set of 120 conjugate points determines a system of 00° projective 
binary quintics. This representation is determinate except for points on the 
conic p,- “DP All these points together with the 119 sixth principal points 
represent the same system of projective quintics. Some very degenerate quintics 
also are not represented by any points, e. g., quintics with a triple root. 


* The double-six-point occurs in a number of connections: If a cubic surface be represented on 
a plane by means of six skew lines of the surface, the two sets of six points, arising from the two 
representations by means of the two opposite sets of lines in a double six, form a double-six- 
point ; the six pairs of points, which satisfy four linearly independent bilinear relations, form a 
double six-point ; the six pairs of corresponding points common to two quadratic transformations 
form a double-six-point ; in a Cremona transformation of the fourth order with one triple and six 
simple principal points, the two sets of six points form a double-six-point and, with reference to 
them, the two triple points are corresponding ; the six elements common to four connexes (1, 1), 
as well as the six polar points and lines common to two triangles, form a double-six-point-line, 
the half-dual of the double-six-point. 
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It is clear that the locus of points x, for which an invariant of the five-line- 
pencil vanishes, is an invariant curve of the group. That the converse is true 
will be shown in the next paragraph. Hence, 

There is a one-to-one correspondence between the invariant curves of the 


Cremona G,,, and the invariants of the binary quintic. 


20 

These invariant loci have been derived by CLesscu [Mathematische A n- 
nalen, vol. 4 (1871)] by means of his principle of transference, in the dual 
vase of five lines. However, the existence of the underlying Cremona group is 
not pointed out. The properties of the various loci are treated in some detail. 
By the use of the group some of these properties are rendered very evident. 
In what follows, the notation of CLeBscu (Bindre Formen) for the comitants of 
the quintic is used. 

A transformation 7’ of the fifth order has seven fixed points or a locus of 
fixed points. If 7’ is involutory it has necessarily a locus of fixed points of 
odd order. Considering in particular 7,,,. we see that every point on the line 
p, 18a fixed point. Each conic in the pencil of conics through p,, p, 
is unaltered. Each conic cuts the line p, p, in two points, the fixed points of 
the involution on that conic. The two conics through p,, p,, p,, touching p, p, 
at p, and at p, respectively are the principal conics of p, and p, and meet at 
Por The only fixed points other than points on p, p, are the vertices of the 
diagonal triangle of p,, Pys 

By the transformation 77,,)..;,, a cubie curve with a double point at p, and 
simple points at p,, »,, 5 P, is transformed into another of the same kind. 
Of the linear system containing the oo” such curves, a pencil is unaltered, mem- 
ber by member, also one other cubic, C,,,)..;. Of the points adjacent to p,, 
those two on the line pair apolar to the pairs p, p,, p, p, and p, p,, p, p, are 
fixed. They determine the tangents to C’,,)..,, at p, The pairs of tangents 
apolar to this pair belong to the members of the invariant pencil. Each mem- 
ber cuts Cio)25) in a fixed point. The ninth base point of the pencil is also a 
fixed point. The two degenerate members of the pencil p, p, p, p, p, p, and 
Ps Py Ps PoP, Show this point to be the meet of p,p, and p, p,, say Po, 
The other two diagonal points and Jo, lie on In the invariant 
pencil of cubies there is only one which breaks up into a line and a conic, 
PoP; Po PsP; Py The conic, being a principal conic, has no transform, 
and the transform of p, /,,,, must be the line itself and the conic p, --- pe 
Hence the sixth principal point, 49).25), lies on the line p, P,, .,. On this line 
is an involution whose double points are /,, ., and the third meet of the line 
with Hence must coincide with p, along the line p, P,, 
Otherwise it would have two correspondents, the point p, and the point where 


the line meets the conic p, ---p,. Each conic of the pencil through p, --- P, 
is unaltered, the double points of the involution on any one being the two re- 


maining meets with 
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The two types considered above include all involutory Cremona transforma- 
tions of the fifth order with six double principal points. 

The transformation 7’ ,.. has seven fixed points, but three are accounted for 
by the fact that three principal conics pass through their principal points. The 
line p,p, is unaltered and the collineation upon it has two fixed points, the 
Hessian pair of the three meets with the sides of the triangle p,, p,, p,. The 
other two fixed points are the two meets of the three cubies, C)..):54), Cyxoys4) 
and C©'o;)\5,;). These two sets of two points occur in two different sets of 20 
conjugate points. The points of the first kind are invariant under the cyclic 
G,, (012 )(34), and are, then, the fixed points of the transformations of period 
six. Those of the second kind are invariant under a dihedral G, generated by 
(012) and (12)(384). To points of the first kind correspond quintics made up 
of a cubic and the square of one of its Hessian points; to those of the second 
kind correspond quintics made up of a cubic and its Hessian. 

The transformation 77,,.,, has three fixed points. It interchanges the lines 
P,P, and p, p,, and therefore P,, ,, is a fixed point. The conics of the pencil 
On Pos Ps ave interchanged involutorily. The line-pair Py Py 
fixed conic and the other two line pairs are interchanged. Hence the other 
fixed conic is the polar of the first line pair as to the other two (in the sense of 
polarity in a linear system) and must be one of the three harmonic conics on the 
four points. The cubic C,,.).,, is also unchanged. The two remaining fixed 
points are the two meets of this cubic and the harmonic conic. The correspond- 
ing quintic is a cyclo-projective set of four points and a double point of the cycle. 

Finally, the transformation 7’,,.,,, has two fixed points which are the points 
common to the eubies Ciao Each point 
is unaltered by a dihedral G,, and represents a cyclo-projective quintic. 

Summing up the above, we find eight sets of conjugate points which number 
less than 120. 

(1) Sets of 60 conjugate points arising from a general point on the locus, 
V D=II(p,p,). The corresponding quinties are of the type z{z,(z,+2,)(2,+ @2,), 
and the corresponding subgroups of the type (01). 

(2) Sets of 60 conjugate points arising from a general point on the locus, 
R= Il(C,,,,,)- The quinties are of the type z,(z? + 23)(27 + az}), and the 
subgroups of the type (01)(28). 

(3) A set of 30 conjugate points Q. These are the diagonal points of the 
ten 4-points, p,,,)5P,5P,>P,- On a line p,p,, they are the cubic covariant 
points of the cubic cut out by the sides of the triangle p,, p,,, p,. The quin- 
tics are of the type 2?z,(z? —z;) and the subgroups of the type (01), (23), 
(01) (23). 

(4) A set of 30 conjugate points Q’. They arise from the two meets of a 
eubie 
of the type z,(z{ — z}) and the subgroups of the type (0123). 


with a definite harmonic conic on p,,---,p,- The quintics are 


1908] AND THE SOLUTION OF EQUATIONS 401 


(5) A set of 20 conjugate points 7. They are the Hessian points on the 
lines p,p,. The quinties are of the type z7(2} — z}) and the subgroups of the 
type (012)(34). 

(6) A set of 20 conjugate points 7. They are the meets of the cubics 
C. ..¥:) by threes. The quintics are of the type z,z,(z} — 23) and the subgroups 
of the type (012), (12)(34). 

(7) A set of 15 conjugate points P,, .;. They are the fifteen diagonal points 
of the five points taken by fours. The quintics are of the type z723(2z, + z,), 
and the subgroups of the type (0231), (03). 

(8) A set of 12 conjugate points A. They are the meets of the cubics 
C’..¥1,) by fives. The quintics are of the type z? — z3, and the subgroups of 
the type (01234), (14)(23). 

That this enumeration is complete follows from the fact that there are no 
other types of binary quintics which admit a linear transformation. The points 
I separate into two sets of 10, each set conjugate under the alternating G,,,. 
Under the same group the 12 points A separate into two sets of 6 conjugate 
points. All the sets of points found above are referred to in the quoted article 
of CLEBSCH except the set (3). He finds that the invariant curves A, B, C, R 
are of orders 10, 20, 30, 45 respectively with 4-, 8-, 12-, 18-fold points respec- 
tively at p,,---,p,- The curves R and D= A’ —64B have already been 
noted. Since the pencil A* + AB contains two perfect squares each curve of 
order 20 breaks up into two curves of order 10, each invariant under G,,,. 

It is well known that the invariants B and C vanish if the quintic is z? — z3. 
Hence the curves B and C pass through the 12 points A. CLEBscH shows 
that, at each A-point, B has a double point and Ca double cusp whose cusp 
tangents are the tangents of the double point of B. This fact, important in 
what follows, is easy to prove by the group properties. Let A’ be a definite 
K-point and BL, the factor of B which passes through it. is a fixed point of 
a dihedral G,,. Hence the directions about A divide into a set of two, two sets 
of five, and oo' sets of 10 conjugate directions. An invariant curve through A 
must have there two, five or ten tangents. 2B,,a curve of order 10 with five 
4-fold points at p,, cannot have at A a point of order 4 or more, else it would 
have six such points and vanish identically. Therefore it must pass through A 
with the definite set of two tangents. 2B, and C meet in 30-10 —5-4-12=60 
points outside the points p,. This set of 60 points is conjugate under G,,. C 
has at A a double point or a double cusp with the same tangents as B,. If it 
has only a double point, 6 -6 of the 60 points are accounted for. But the remain- 
ing 24 would also be at the 6 X-points, for they only can form a set of 24 con- 
jugate points. Also C can not have five-fold points at the 6 A-points. Else it 
would meet one of the 15 cubies C,,,,,,) in 12-6 + 4-5 = 92 points and contain 
it as a factor, but this is impossible. C must therefore have at A a double cusp 
with the same tangents as B,. 


LAS 
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CLeEBSC-H also shows that, outside the points p,, the curves A and B meet in 
the points 77 and the curves A and C’ touch at the 30 points Q. 

There are two objections to the present form of the group. One is the very 
high order of the invariant curves. The second — more weighty with regard to 
the application of the group in the solution of the quintic — is that one system 
of projective binary quintics is represented by all the points on a conic. If the 
group be transformed by a Cremona transformation, with this conic as a prin- 
cipal conic, introducing thus no new principal points, this objection will be 
removed. Such a transformation, S, is the cubic involution with one of the 
five points, say p,, as a double point and the other four as simple principal 
points. S is the projection of each conic of the pencil through p,, ---, p, into 
itself from p,. The transformed group will be discussed in the next paragraph. 


$2. The Cremona group of order 120 determined by four points in a plane. 


The transformed group is obtained most simply by a construction for the set 
of 120 conjugate points determined by a binary quintic. If x is one of the 
points in question, the five lines wp, must be projective to the given quintic. 
These five lines are projective also to the five tangents at x to the five conics 
through x and four each of the points p,. For x and p, determine a pencil of 
cubics with a double point at x. The tangents to these cubics are pairs of an 
involution which includes, for the degenerate members, the five pairs mentioned. 
If S transforms x into y, the five conics become the conic yp, p, p,p, and the 
four lines yp,,---, yp, Naming the points by the subscripts only, we find 
therefore 

(1) In the new form of the group a point y represents the system of quintics 
projective to the four lines y1, ---, y4. and the tangent at y to the conic y1234", 
referred to hereafter as yT. 

The group is determined by four points only. Its properties can be deduced 
from those of the first group or discussed analytically with ease. Let the points 
1, 2, 3, 4 have respectively the coordinates 1, —1, —1; —1,1,—1; —1, 
4; 1,1, 1 and let 


9, — Fa — Fu = —Y + Ys> 
8, +8,+38,+8,=90. 


(8) The binary value system , 8,, 8,, 8, 8, is projective to the five lines 


yT, yl, y2, yB, y4. 

This statement is verified at once by calculating two independent anharmonic 
ratios. If one root of a quintic is infinite and the sum of the other four zero, 
the four finite roots are determined projectively to within a factor of propor- 
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tionality. We find that, if the roots are r 
infinity and the sum of the remaining transformed roots made zero, to within a 


-, ”,, and r, is transformed to 


0° 


factor these are 
8, = (12) (80) (40) + (18) (40) (20) + (14) (20)(30). 
8, = (21)(30) (40) + (23) (40)(10) + (24)(10) (30), 
8, = (81) (40) (20) + (32) (40) (10) + (84) (10) (20), 
8, = (41) (20) (80) + (42)(380)(10) + (48)(10)(20) [( ik) = 


(4) 


Therefore 
(41)(20)(30), =2(y,—y, )=4 (10) (40), 
(5) s,—s,=2(y,+y, )=4 -(42)(80)(10),  s,—s, = 2( y,—y, )=4 - (81) (20) (40), 


(48)(10)(20), =2(,—y,) =4 (80) (40) 
y, = (48)(10) (20) + (12) (80) (40) = (42) (30) (10) — (31) (20) (40), 
(6) = (41) (20) (80) + (28)(10) (40) = (48) (10) (20) — (12)(80) (40), 
y, = (42) (80) (10) + (81) (20) (40) = (41)(20) (30) — (28) (10) (40). 


Formulas (2) and (3) give one binary quintic determined by the point y and for- 
mulas (6) the point y determined by a given binary quintic. 

To obtain the transformations of the group, we have merely to permute the 
differences of the roots in the required way and express the coordinates of the 
new point y’ in terms of those of the old by eliminating the differences. First 
of all it is clear that any permutation of the roots r,, ---, 7, alone determines 
the same permutation of s,, ---, 8,; i. e., the group contains the collineation 
group of the 4-line s,=0 or, also, of the 4-point 1, 2, 3,4. To get the 
transformation 7',,, we have 


yit-ys=p(01) (24) (84)=0(01) (02) (08) - (01) (24) (84) 
(7) (14) (04) =0(01) (02) (03) -(28) (14) (04) =o(y,—y,) 
yi +y=p(08) (14) (24)=o(01) (02) (08) -(08)(14) (24) 


a quadratic involution with the fixed point 4 and principal triangle 123. The 
line 31 corresponds to the point 2 and the line 23 to the point 1, i. e., the invo- 
lution is non-inversive. 

(8) The group is generated by the collineation group G,, of the four points 
1,2,3,4 and a quadratic non-inversive involution with one of the points 
jived and the other three as principal points. 

It is made up of the G,, and 96 quadratic transformations with principal 
points at the four points. The five pencils of conics through 4 of the 5 points 
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p, ave in this case the pencil of conics through 1, 2, 3, 4, and the four pencils 
of lines on the points i. The invariant curve V J is the six lines through the 
four points. The fifteen cubics C,,,,,,, 


Since they are the loci of fixed points of the even involutions we find the three 


become three lines and twelve conics. 


lines from G',,. They are y, = 0, the axes of the harmonic perspectivities with 
centers u,=0 respectively, and correspond to the permutations (4i)(4/) 
i,k,/=1,2,3. These determine simply the change of sign of y, and y, and 
with the identity form the invariant subgroup G', of G,,. If these perspectivities 
are transformed by 7',,, (7), we find the three inversions in a conic which cor- 
respond to the permutations (0i)(47). Thus for the permutations (01)( 23), 
(02)(31) and (03 )( 12) respectively the conics are 


(9) — Yi — — + NY2) = 9; 
+ — + Ys%i + = 9- 


The center of inversion for each is the point 4, but the axes of inversion 
Are Y, + + + Yoo Vespectively. The other 9 conics of inversion are 
found from these three by transformation with G‘,. 

In giving the sets of conjugate points less than 120 in number, those obtained 
from one by the operations of G‘,, are not written. It is clear also that points 
on a line p,p, in § 1 are in this case directions about i. Taking up the points 
in the same order as before we find: 


(3) The 30 points ( inglude the directions at 4 on the three cubic covariant 


lines of These directions are on the lines — 2y, + y, + — 24, + 
Y, +¥.—2y,. Their transforms give twelve points like 2, 1, 1, and six like 
0, 1, 2. 

(4) The 30 points Q' are obtained by taking the intersections of the harmonic 
conic — 2y? + y; + y2 = 0 and the axis y, = 0, each determined by the cyclic 
G',(1243). They include the six points like 0, 1, i and their transforms like 
1,1+4 2i,1—2i. 

(5) The 20 points // include eight directions, the two at 4 being on the lines 
y, + oy, + wy, =9, y, + wy, + oy, = 90 =e*"""); their transforms are 
the 12 points like  — w’, 1, — 1. 


(6) The 20 points 7 are determined by taking the intersections of properly 
chosen factors of 72, e. g., y, = 9 and the first conic (9). They are the trans- 
forms of the pairs { };2:—°}, {i:%°}, by the even G,,. The points in the 
upper, and in the lower, row, form the two sets of conjugate points under G,,,. 

(7) The 15 points P,, ,,, are the three diagonal points of reference and the 
twelve directions at the four points on the six lines joining them. 


(8) The 12 points A are the meets of properly chosen factors of 2, e. g., 


1908 } AND THE SOLUTION OF EQUATIONS 405 


y, and the second conic in (9). They are the transforms of the pair { {) |) %} 


by G,,, the points in the upper and lower rows forming two sets of 6 conjugate 
points under G,,. Here +e 

The invariant curves A, B, C, R, have now the orders 6, 12, 18, 27, 
respectively and 2-, 4-, 6-, 9-fold points respectively at the points i. Their 
equations are easily deduced from a typical representation of the binary quintic 
given in CLesscn’s Bindre Formen (p. 353). The representation is as follows : 

If F(z) = ai = bt = .-- be a binary quartic, x any point not a root of the 
quartic and a*a, its linear polar as to /’, x and its polar are taken as new 
reference points. The transformation is 

E= aba, = + €,z,. 
Since a,(&) = (an)& — (aE) we have, on raising to the fourth power, 
(&)* = - — 4(an)*(a&)- By + 6( an) (ak 

— 4(an)( + (a€)*- 

Here the coefficients (&)‘ and (an)'(a&)‘~ are invariants of F' and n, i. e., 
covariants of F’ in the variable «. Evaluating the covariants in terms of the 
complete system and dividing out by /’(x), by hypothesis not zero, we have the 
typical representation : 


(10) F?. F(z) = & + 8HE + — 


Since 7 or x was any point, »-/’(z) is a general quintic with a system of 
coefficients 


3H 
(11) 0,1, 0, 


9 ? 


47, 5( — 3H). 


CLeEBSCH finds the invariants of this quintie to be 
A=—48F"*(4iH—jF), 
B=2F'{18(4iH—jF’) — 67*)}, 
C= 8F*{ H*(8 + 24-25 -48;?) — H°F’- 48 -8177j 
— HF? (7 -48- 48%)? + 25 -15i*/2) + #%( 25 - + 8-24 -32;*)}, 
R=12-2507F"{— H*.48 (487+ 147° 7)+6 24777? +77 ) 
— 48 2438 + (625i + 82-48 -87°7*)}, 
D = 250 -64F'°( i — 67’). 


These invariants are all functions of 7, and jF"*, except 22 which 
involves also 7’. Since 


= —}(H*— iHF* + 3jF’), 


FR? is a function of the same three quantities. 
Trans. Am. Math. Soc. 27 
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The quintic (11) having one root infinite and the sum of the other four zero 
is in precisely the form we considered earlier. Its roots can be identified with 
8,, 8, 8, 8,, in (2) and expressed as functions of y,, y,, y,. Equating the 
symmetric functions of s, with the coefficients in (10) we find 


(13) =8,8, = — = 3H, 28, 8,8, = — = — 47, 


Since = H— 6H* — 127”, 


T=—2yy,y,, tf? zyiy2), 


(14) 
= — — (yi + 95) + ys 


These values of if’, jF°, H, T, in terms of y,, y,, y,, substituted in (12) 
give the equations of the invariant curves A, B, C, D, R. 

We can now show that any invariant curve of the group corresponds to an 
invariant of the quintic. Since the curve admits G,, it must be a function of 
Ly?, Zyzy2, and y,y,y,, or also of H, T, and i#’*. Hence at all points y on 
the curve the line 7’ is the root of a definite covariant of the four lines from y 
to the points i. But if the curve admits also a quadratic transformation like 
T,.,, the same thing is true of the line y4 with regard to the four others, i. e., 
the covariant relation of the one line to the other four is an invariant relation 
of all five which is the same at all points of the curve. 

In handling the invariant curves in later paragraphs we employ none of odd 
order and none of order as high as 54. Neither 2 nor #2? can occur in the ex- 
pressions used, and there is no loss of generality in making the calculation with 
R= 0 or with y, = 9. That is, the leading coefficient, or terms free of y,, will 
be sufficient for our purposes. These are somewhat simpler if we take out of 
the invariant of degree 4/ the factor 2°". A direct calculation gives the results: 


A =4(2,1,1, 2hy3, y3), 

B=(1,1, —30, 65, — 30,1, 1} y?, 

B, =(—1,2458,, 2+ 58,, —1}y?, y2), 

B, =(—1,2+458,, 24+58,, y?), 

C = —3(1, —11, 46, — 86, 51, 51, — 86, 46, —11, 1}y?, y2). 


Here B= B,B,. We have seen that B and C meet 10 times at each of the 
K-points, four of which are on the line y, = 0. The codrdinates of these points 
are known and give the common factors of the leading coefficients of the curves 
B,and C. In factored form the above coefficients are 


8, 8,8,8, = Lyi — = 
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A =4(2y; — + 2y3)(¥2 + 

B=(yz— — )?( ys + (ys + 
(16) B, = —(y¥; — + 

B, = —(y; — + 


Certain quintic resolvents of the general equation find an immediate geometric 
interpretation. The absolute invariants B/A* and C/A® are functions of 
iH/jF =k, and =k,. Since k, and are invariant under G,,,, they are 
five valued under G,,,, and the elimination of either leads to a quintic resolvent 
whose coefficients are invariants. Or if YD be adjoined we can replace i, by 
Lv 8(k,—6)=v. To obtain a simple result we shall introduce new absolute 
invariants Jand LZ. Let 


B, 5L-1 


1 
3° whence k, = — 


and 


T5J = (- 4. 24° — 24 + 27-25 1’) : 


then the elimination of /, and substitution of v for k, gives the resolvent 
(17) Jv’ + + 153 4) +5 —5 =0. 


Since j = 0 if v = oo, the numerator of the absolute invariant J of degree twelve 
is the condition that four of the roots be harmonic. JZ is proportional to v and 
the v D formed for the four roots of the quintic. If (17) is made integral in 
the invariants by multiplication with A*, the resulting curve, for a given value 
of v,is of order 18. It is the product of the twelve lines and three conics 
determined by requiring that four of the roots of a.quintic or any even permuta- 
tion of them have a given anharmonic ratio. 


§3. The form problems associated with the Cremona group. 


Under the group of §1 there is a net of invariant curves of order thirty, 
pA*+coAB+4+7C=9. If numerical values are assigned to 4, B, C, then 
p,@, 7, are subject to a linear condition and a pencil of the net is determined. 
The various pencils in the net have 900 base points, but 780 of these are the 
same for all pencils. They are the 5-12-12 = 720 meets at the points p, and 
the 10-30 — 5-4-12 meets of A and C outside the points p,. Hence only 120 
of the base points of pencils formed from the net are movable. They are, of 
course, a set of 120 conjugate points. Instead of numerical values of 4, B. C, 
it is sufficient to give the values of B/A? =k and C/A*=X. The pencil is 


™ 


408 A. B. COBLE: CREMONA GROUPS [October 


then fixed by the two curves A( B —kA*)=0 and C—2AA*=0. The form 
problem of the group can be stated as follows : 

Given the numerical values of A, B, C, or of B/ A’, C/A’, to find the’ 
ratios x,:x,:x2, for the 120 points x for which the functions A, B, C, or the 
ratios B/A*®, C/A*, take the assigned values. 

One point » is sufficient, since the others are determined from it by a set of 
substitutions known in advance. The problem will be referred to as the /-form- 
problem. Its solution is equivalent to the solution of a given quintic to within 
rational operations. For a given quintic fixes the values of A, B, C. The 
solution of the form problem fixes a point x such that the five lines xp, are pro- 
jective to the given quintic. The known quintic can be transformed into the 
given one by a known linear substitution determined by their linear covariants. 
The problem has exactly the same statement for the group in § 2. 

If vy D be adjoined as a known quantity, i. e., if II(p,p,) is given a definite 
sign, the group reduces to the alternating G’,, and the invariant curves are ex- 
pressible by means of B,, B,, C, and R. In this case we consider the net of 
curves of order 30, Bi(pB,+o¢B,)+7C=90. The pencils in the net have 
840 fixed base points, 720 at the points p, and 120 meets of Bi and C outside 
the points p,. The remaining 60 base points are movable. The form problem 
now reads: 

Given the numerical values of B,, B,, C or of B,/B,, C]B}, to find the 
,:%,:2, for the 60 points x for which B,, B,, C, or B,/B,, C/Bi, 
take the assigned values. 

In place of B, and B,, A and vy D can be given. They are connected by 
the equations 4(B, + B,)=— A and 4(B,—B,)=Vv D. As before the 
solution of this form problem—referred to as the J’-form problem —carries 
with it the solution of a binary quintice for which ) D is given. 


ratios x 


§ 4. The reduction of the I’-form problem to Klein’s “problem of the A’s.” 


The expressions in the Z/osaeder denoted by A,, A,, A,; Aj, A,, Aj; 
A, B, C, D, will be referred to by the corresponding small letters to avoid 
confusion with the notation already introduced. In this paragraph the group 
of § 2 is employed. 

Through five points in space g,, g,, ---, g, there pass 00? cubic curves. On 
each curve the five points determine a system of projective quintics and a given 
quintie whose roots are ordered with regard to the five points determines a 
definite curve. There is thus a one-to-one correspondence between the cubic 
curves and the systems of projective quintics or also a one-to-one correspondence 
between the cubic curves and the point y,, y,, y, of the plane (§ 2). To obtain 
the cubic curve determined by the point y, we take the five points in space with 
the codrdinates suggested in the Zkosaeder, p. 187 ; the coordinates of ¢, are 
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Let the parameters of the five points in order on the cubic curve be t = 2, 
8,, $,, 8, 8,, and let i, ky 1, m=1, 2, 3, 4. 
The parametral equation of the cubic is then 


(2) = + &c, + & ec, + 


The ec, as functions of s, and therefore of y, give the connection sought. 


If the point y be subjected to the Cremona G.,,,, the corresponding cubic 
curve takes 120 positions. The 120 curves are conjugate under the collineation 
group, 7,,,5 of the points g;. Linear complexes are also linearly transformed 
by 4,.) and there arises in this way an isomorphic collineation group on the six 
coordinates A,,. KLEIN shows (/kosaeder, pp. 176-181 and pp. 245-247) 


that if the following combinations 
aa, = + a= A a, = A. 
2a, = — A,, + A, a= — A, 


of the complex coordinates be employed, the new codrdinates are transformed 
by the even subgroup g,, of g,,, in such a way that @,, a,, a,, alone experience 
the linear transformations of the ternary ikosahedral group and a), a;, a), alone 
experience the transformations of the “contragredient”’ form of the same group 
(that form in which ¢ is replaced by ’). 
The cubic curve (2) defines a linear complex and we shall find, first of all, 
the coordinates a,, a,, @,, 4, a, of this complex. Two planes, p,p, and 
_, F,p,, cut the eubies in 3 points each, whose parameters are given by the 
binary cubics in ¢: 


4 4 
ike In 
> *p,c, = 0 and > "a,c, =0. 
$, 1,m=1 


These cubies are apolar, and the line of the planes is a line of the complex, if 


where (¢,, ¢,,) = — ¢,) = (8, — 8,,)(8; — 8,)’ is the apolarity condition of 
the cubies c, and c,. The summation can be put in the form 


or expressed in planar linear coordinates II,,, the equation of the complex is 
(3) (et — = 0. 


The coefficient of II,, is A,,, and (c,, c,,) is the product of the line joining the 
points & and m and the square of the line joining the other two points. The 


LAN 


9? 
k,m 
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six cubies (c,, ¢,,) are therefore linearly independent plane cubies through the 
points 1,2,3,4. It is convenient to replace these six by the following two 
sets of three : 


(4) CL,=y (Sy 9,43), A, + + 


In terms of these we have 


a= + (—€)0,, 
a= + —€) 0, —€)G,, 
(e—e)(@—€) K,—(€ K,— —€) 
a, = K, —&) K, — — Ky. 


Formulas (4) and (5) give the coordinates of the complex of the cubic space 
curve determined by the point y. Also for every complex arising from a cubic 
space curve we find one point y, since a, and a’ determine C, and A,, and from 
the equations 


Y2 Ys Y2 
we have 
(9) OCR OK,’ 0, K,— C.K,’ K,— 


As the variables y are subjected to the operations * of the Cremona G,,, the 
a, and a’ are subjected to the collineations of the two forms of the ternary iko- 
sahedral group. Hence 

(7) Any invariant of the group of the a,, or any simultaneous invariant of 
the group of the a, and the group of the a, when expressed in terms of y is an 
invariant of the Cremona G,,, and therefore a rational function of B,, B,, C. 

It is necessary, for our purpose, to find in terms of B,, B,, C’, the invariants 
a,b, ¢ (Ikosaeder, pp. 214-8) of orders 2, 6,10 in a; and the simultaneous 
invariants (Jkosaeder, pp. 231-2) linear in a‘ and of orders 3, 5, 7 
respectively in a,. The respective orders in y are 6, 18, 30, and 12, 18, 24. 


* The cubics C; and K; are transformed into cubics multiplied by a factor which is the product 
of the three lines of the principal triangle. But when only the ratios are under consideration, 
this factor, which is the same for all six cubics, can be dropped. 
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Since these are all even and of order less than 54, it will be sufficient to use the 
leading coefficient in identifying them. 


When y, = 0, 
a, —e)(1, —1, 8,, 
—8,, 83, —1 8,4, )(Y2— Ys)» 
a’ = —e)(1, —1, 8,, 
a, =a,=(e'—€)(8,, —8,, 8, —1 by» 8.95) 


a=a,+a@, 


(8) 


(9) 


(10) b = (8a) — 2a; ai — 2a,a} + 


0% 0% 
= + 40a3a} + 2a! 
= 2a; — — (8a, + 
= 4a) (— 4a3 + — a}) + 4a) — 4a5a, — + 40-4 
= 4a) (16a3 — a, — 8a, a; + 8a?) a} 
+ 4a) (— + 24a4a, — a} — a? + Ta,a} — 2a?) ai. 


The values of a and F, are not hard to find by direct calculation. The fol- 
lowing method reduces considerably the difficulty of finding the values of b, c, 
F’,, F,. Call the number of times that a term contains the factor (y, — 5, y,) 
its “first rank”; the number of times it contains the factor (y,— 5,y,) its 
“second rank”; and let {i,k} be the “rank” of the term if its first and 
second ranks are i and k respectively. Then a,, ts: a,,a,; C, B,, B,, have 
the ranks {0, 0}, {2,1}, {0,0}, {1,2}; {4,4}, {2,0}, {0,2} respectively. 
Let 


F, = »,CB, + »,CB, + », B? + BB, + Bi + Bs. 


Now Bi and B? B, are the only terms (including of course the terms in the 
expression for /’, in (11)) which have the second rank 0 and 2 respectively, 
hence 4,=~,= 9. For a similar reason with regard to the first rank, 
H,=-,=90. w,/m, is determined by making the first rank of C + kB, B; 


five. We find that k= Then and are obtained by making the 
first rank of 16a) + u,(CB,+ kB? equal to 6. The result is 
= 325°, = — 8. 5°. Finally is obtained by requiring the term 


— 16a) + 16a, a? + u,CB, — 8-5°B? 


to have a second rank 5, which determines yw, to be 4:5°. We have deter- 
mined thus 
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F, = 2 -5°[§CB, + CB, — 2B; 
The quantity c is found much more easily though of higher degree. Let 
c= v,CB: + v,CB, B,+ v,CB; + »,B3 Bi + B+ v, BSB, 
+ v,B, BY + v, Bi + v, 


The lowest rank occurring in the expression for c in (10) is {8,4}. Noting 
that there are only single terms of first rank 0 and 2 and of second rank 0 and 
2 we have v, = v, = v, = v,=9. v, and v, must be chosen so that the first rank 
of Bi(v,C + v,B, B;) is 6. But this is impossible for we have just seen that 
the first rank of v,C + v,B,B} can be reduced to five only by taking 
v,/v, = —%. Hence v,=v,=0. Then v, and v, must be chosen so that 
the first rank of B, B,(v,C + v,B, B}) shall reduce from 6 to 8; this again is 
impossible. Hence v,=v,=9. Finally we determine v, so that the rank 
(8, 4) of — 4-80a'a} + v,CB; shall increase to {10, 5}. We find 
v, = 5°-2?/3 and ¢ = 5° - 2?/3CB;. 

Proceeding similarly with the simpler forms 6 and F’, we obtain all the 
desired expressions as below: 


a=4B,+ B,, 
(12) b = 25(40 + B,B), 
c = 2?-5°-1 CB; 
F, = 2(16B? + 4B? +138B,B,), 
(13) F, = 2?-5(—6C + 5B, B?), 
F, = 2? -5°(8CB, + Cb, — 2B? B?). 


3 


To solve the Z’-form problem we find, from the given quantities B,, B,, C, 
the values of a, b,c, and F,, F,, F, in (12) and (13). Taking the “ problem 
of the a’s” in this form: 

(14) Given the numerical vatues of a,b, ¢ or of the ratios b/a’*, c/a’, to find 
the ratios of the coordinates of the 60 points a,:a,:a, for which a, b, ¢ or 
b/a,, c/a’ take the assigned values ; 
we have from the values of a, b, c, the values of a,:a,:a,. As Ff, F,, F,, 
are linear in @,, @,, @,, their numerical values and those of a,, a,, a, determine 
a, 4,,4,. The values of a; and a; fix the values of C, and X, in (5): 
These in turn, in (6), determine the required solution, y, : y,: y,- 

There is, however, one case in which the method just given does not apply. 
The three linear equations used to obtain a; are of degrees 8,5, 7 in a;. The 
determinant of the system is an invariant of degree 15 and must be the curve 
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d (Ikosaeder, p. 218). The curve d is the product of the fifteen axes of the 
harmonic perspectivities in the group of the a;, one of which is a, — a, = 0. 
But if a, —a,=0, Ify,=0,R=0. But if 
y is a point on the conic x? + 6,3 + 6,y? = 0, a certain alternating invariant 
of degree 12 vanishes. The corresponding curve is the product of the three 
conics and twelve lines into which the given conic is transformed by G.,,,. 
Calling this curve S, and identifying it by means of its leading coefficient as 


before we find that 
(15) S, = 82C— 24 B + 


Its transform by an odd substitution of G,,, is 
(16) S, = — 24B°B,+ 3B. 


If 22 = 0, due to y, = 0, both a, = a, and a; = a,, while if S, = 0, due to 
yi + +6, y2 =0, then a, =a,; but a; + a) except for a finite number of 
points. We suppose (see §6) that 2 +0. If S,=0, the given quantities B, 
and B, ean be interchanged, and, provided also S, + 0, the solution can be 
carried through as before. The resulting y,:y,:y, must then be transformed 
by an odd substitution of G,,, to afford a solution for the constants originally 
given. If S,=0and S,=0, the form problem can be solved directly by find- 
ing the intersections of these two curves whose factors are linear or quadratic. 

The invariant 


S= 8,S,=4[2"C? + 2*-383CBA —3CA* + — 3°B’A*] 


has for corresponding curve the locus of points whose quintics are of the type 
(2, + az,)(2z} — 22)/(z,—2,), +e, four of the roots belong to a cyclo-projec- 
tive set of five. 


$5. A new solution of the “ Problem of the A’s.” 


We have considered the 7’-form problem and the a-form problem as depending 
essentially on two parameters and have avoided the use of the invariant curves 
Rand d. The solution of the a-problem suggested by (Lkosaeder, pp. 
234-8) involves, at least explicitly, the use of d. The solution here given is, 
in some respects, quite similar, but the point of view is more nearly that of the 
third chapter of the second part of the Zkosaeder where the “ principal equation ” 
is solved by the use of a singly infinite /inear system of curves on the principal 
surface (pp. 190-4). The a-problem can be solved by the extraction of a square 
root and a root of the ikosahedral equation. We might infer from this the 
existence of singly infinite quadratic systems of invariant rational curves and, 
in fact, the simplest system of that sort is found below and employed to effect 
the solution. All the necessary rational formulae will be given explicitly. 
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It is desirable, first of all, to obtain expressions that will include all rational 
invariant eurves. If such a curve is of order n we can take it to be 


(1) U: [a,= 9)" (7), a= 

g"(v) being a binary form of degree n in the variables v,, v,. If U is invari- 
ant under g,,, the group of the a’s, to every member of g,, must correspond a 
transformation of the binary variables, and the totality of such transformations 
will be the binary ikosahedral group, y,,.. This group being put in the canon- 
ical form, there are, as KLEIN points out ( Zkosaeder, p. 232), two possible cases ; 
is either “ cogredient” or “ contragredient” to g,,. In the first case the 
parameter is called A,, A,, in the second w,, w,. The point a,: a,: a, is given 


72 


by the coefficients of the quadratic form a,A; + 2a,A/A; — aA), an invariant if 
the a, are transformed by g,, and X/, } are simultaneously transformed by the 
corresponding substitutions of the cogredient form of y,,. Putting in this 


quadratic the values of a, from (1) we have 
(2) (V) + — AY” 


and this must be an invariant under y,, in the cogredient variables \ and X' 


60 
of degrees n and 2 respectively or in the contragredient variables w and ® of 
degrees n and 2 respectively. Conversely any such form determines a rational 
invariané curve. 

In the first case the form (2) is a rational and integral function of the ikosa- 
hedral invariants, f(A), /7(), 7(A); their first and second polars as to 2’, 
and A, A; — A,A/, the function being homogeneous and of the proper degree in 
both variables. In the second case, the form (2) is a rational and integral 
function of f(“), H(“), 7(), four invariants * linear in X’ and of degrees 
7, 13, 17, 23 in w, and three invariants, quadratic in »’ and of degrees 6, 10, 
16 in yw, the function being homogeneous and of the proper degrees. If /’ and 
H’ are the first polars of f and #7 as to 2’, the form (2) which defines the 


system used hereafter is 
(3) (A, = ) ( — 25 Hf’), 


p being the parameter of the system. 

The system itself is suggested by the following considerations. The codrdi- 
nates of a point, as the system of coefficients of a quadratic, determine values 
of X and 2’, the parameters of the two points of contact of tangents from the 


point to the conic, @ = a5 + a,a,, i. e., 


(4) 2a, = — @, = a,=—X,r,. 


*See the complete system, established by GORDAN, Mathematische Annalen, vol. 13 
(1878), p. 386, for the invariants containing contragredient variables 7’ and y. 
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If X and 2’ are simultaneously transformed by ¥,,, @,:4@,: @, is transformed 
by Ye The point a, depends on two quantities, both variable under y,,. If 
one of the quantities can be expressed in terms of the other and a third quantity 
p which is invariant under ¥,,, we should have in (4) the equation of a system 
of invariant rational curves. This is possible, for example, by means of the 


equations 
of of 
127 =a it 
©) CH OH 
20H’ = Oa, A+ Or, = = 


So defined p, and p, are invariant under y Solve equations (5) for A; and 


r; and substitute their values in (4), and we have the desired system of rational 


60° 


eurves (/: 


oH OH af of 
2 1 


Or, 
OH of 

(6) a, = p,3f dn, ) a, ) 
OH Of 

a, = ) — 


or again 
a, = 6( A” — — 11407 — 0G") — 5A, A, ( — AN? — Al’), 
a, = p, f-12Atr,(— + — 24705 Al” — 
(7) — + — 21°), 
d, = p, 12d, — QATAWAS — — 


That this is a quadratic system of curves follows at once from the definition of 
the parameter \ as one of the two parameters \ and 2’ in (4). The order of 
the curves is, in general, 32. But when p, = 0, the order is 12; when p,= 0, 
the order is 20. Also when p,=p,, the order is 2. For then a, =2,A, 7, 


a,=—AT,a,=r?T. The curve is a=a*>+a,a,. This is seen at once by 
forming 4(a? + a,a,) in (6) and making use of Euler’s theorem. We find 
(8) + a,a,) = 3600f? H’(p, — p,)’. 


The equation of the general curve U is quadratic in p,, p,. Fora fixed point 
a,:@,:@,, the two values of p,/p, are obtained from (5), as it stands, and from 
interchanging A and 2X’ in (5). Denote by 7 the value that g takes when » and 


are interchanged. Then 


LAN 
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_ 83 + Hrfs 


and p,, p, satisfy the equation 
Off - ssp? — 15( Hrs + Hifs)p,p, + 25HH- rrp? = 0. 


The coefficients being symmetric in \ and 2’ of degree 32 in each are functions 
of a,, 4,, a, of degree 32. Being invariant as well they are functions of 
a, b, c. The equation can be made more symmetrical by obtaining a new 
middle coefficient. When p, =p, the equation must reduce to k- T77-a=0. 
By equating the coefficients of \* ~s k is found to be — 25. 

The new equation reads 


(9) Off: 88-p? — (Off: 88 + 25HH- rr + 257TT-a + 25HH- rrp? = 0. 


We have therefore to caleulate ff, HH, T7, r7, sz, and solve the equation 
(9) to obtain a value of p=p,/p,. We have further to find Z,,), the ikosa- 
hedral parameter on the curve 0.) fixed by p. Denote by Uy)s Biss Cs the 
values of a, 6,c, on the curve U,. The curves 77 = 0 and ss =0 are U,,) 


and U, 


respectively. For we find 
Ao, = 36/7, 
(10) boo) = —5H*), 


Co) = (16-123 — 11 (16 -12° f°) 4+ 


Therefore 


0) 


Solving for Z,), then eliminating Z,., to obtain the equation of the curve we 


have 
82a* — 27d 
Z.) = 3 ’ 
5a 


16r7 = 4( 9b? + 16 -17a°b — 16%a°) — 25ac. 


(11) 


The coefficient of 77, 16, is determined from the highest term. Similarly for 
U...), we find 


a.) = 3:12", 
(12) b..) = 12° f° (28° — 12° f°), 
Cw) = 412" (— 16H* + 4077? - 123 + 8-128 


Therefore 
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1 1 4 40 3 
4a’ (128a* — 3b) 
(3) 4960) 


ss = -57(c? 2! 8%ca*b+ 2" - Tea’ + 2"- T9atb?— 2" 
The value of Z,,, is given by KiEtn (Jhosaeder, p. 221), 


(14) 12335" 
To every value of p corresponds a definite U, and on it a definite Z,,). 


Hence Z,,, is a rational function of p. Since p satisfies the quadratic equation 
(9), there is no loss in assuming Z,,, to be a linear functien of p. And the 
values of Z,,. being known for three values of p we have in general : 


(Zu — + (Za) — 


There remains only the calculation of ff, HH, TT, in terms of a, db, c. 
They are respectively the products of the 12, 20, 30 tangents at the f, /7, and 
T points on a. By direct calculation we find 


ff = (115b + 1280") d, 
(16) HH + 2a — 2".5a"b + 
2°.101a°c — 2°-181cba? — 2°-8359ab". 


The quickest way to get 7’7’ is to suppose 2a, = i(a, + a,), as this is one of 
the lines of the curve. Writing a, + a, = 2a, a, —a,= 28; a, b, c reduce to 
functions of a’ and 8’. Finally putting (1 — 2i)e7 =k, 8? =1; we find for 
a, b, and c the values 


c= 4(— — 45k41 + 104°? — 50K + — ke’). 

The identity of degree 15 connecting these forms is to be found. This gives 
TT — 12°’ — 38-11-17? a” + 2-8 
— 2-3-5?-17cba"’ + — a’ 

— 2°.8?.5 -349b'a’® 4 23-5 -691b' a" — 

—2?.3-5ba’" 


where a’ = 4a. 


(17) 


| 
| 
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Briefly, then, to solve the problem of the a’s we find, from formulas (11), 
(13), (14), (16), (17), the values of f7, WH, TT, 17, 83, from 
the given values of a,b,c. By the extraction of a square root, a value of p is 
found in (9). The value of Z,,) is given by (15), and from it the ikosahedral 
irrationality 2,/A, is calculated. Finally the values of «,:a,:a, are obtained 
from (7).* 


§6. The solution of the quintic equation. 


We have now all the material at hand to outline a series of operations that 
will effect the solution of the general quintic equation, (Q(z) = 0. 

1°. The rational invariants A, D, C, and & are calculated. 

We suppose D + 0, otherwise the double root can be calculated rationally 
and the quintic reduced to a cubic; also that /2? + 0, for otherwise one root is 
rationally known, the linear covariant of fifth order, ,; and «, vanishes identically 
only for special types of quintics whose solutions can be obtained by elementary 
methods. 

2°. The square root of the discriminant, ) J), is adjoined. 

This determines 2,, B,, C, the known quantities in the J’-form problem. 

3°. The /’-form problem is solved to obtain the 60 points y,: y,: y,- 

This solution 1s discussed in § 4, account being taken of the special cases 
S,=0/S,+0, S,=0}. 

4°. One of the 60 points determines, by (2) § 2, a quintic, Q’(s), whose roots, 


8, &,, are projective to the roots of Q(z)=0. 
5°. If a and 6 are the linear covariants of degrees 5 and 13 of Q(z) and D 
its discriminant; and if a), 6’, D’ are similar comitants of Qs), then the 


linear transformation 


D-a, D-a 
transforms 2, s,,---, 8, into z,,---, 2,, the required roots of Q(z) = 0. 


Since 2 + 0, a and 6 are distinct, non-vanishing covariants and the transfor- 
mation (1) is perfectly definite 


$7. Remarks on the above solution of the quintic. 


The problem of the quintic involves five parameters, the given coefficients. 
The process sketched above (steps 1°, 2°, 4°, 5°) by which the transition is 
made from this five parameter problem to the /’-form problem containing two 


* The calculations necessary in the above solution seem simpler than those required in the 
method proposed by KLEIN ( [kosaeder, p. 237). The most difficult one, the calculation of T7 
is shorter than several there indicated. In this connection it may be noted that a similar set of 
three degenerate curves occurs in the linear system of rational curves employed to solve the 
principal equation (see pp. 190-1 and p. 204, footnote). 
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parameters, and vice versa, leaves little to be desired. The full effect of the 
general linear transformation is obtained and the analytical processes are 
entirely those of the well-known theory of binary forms. But the same can not 
be said of step 3°, the suggested solution of the Z’-form problem. This is 
obtained indirectly, being made to depend on the problem of the a’s which 
involves the same number of parameters and a group of the same order and 
which is, therefore, not essentially a simpler problem. The solution of either 
should involve that of the other. An independent reduction of the /’-form 
problem to a determination of the ikosahedral irrationality is desirable. It 
ought to be possible to effect this, as in the other problems, by means of the 
rational invariant curves. Since a rational curve can admit a group of order 
60 at most, it is necessarily a function of B,, B,, C, unsyimmetrie in 4, and 
B,. The totality of such curves can be thus obtained: If a, and A, are two 
five-valued functions of X, invariant under the same subgroup, y,,, of y,,: and 
a,and 8, their conjugate values, the quintic whose roots are «,/8, will be rep- 
resented by a point y whose codrdinates are functions of 2, [(6), §2]. On the 
of y and the group y,, of » are 


rational curve thus obtained, the group G ‘ 


60 


identical. One of the two simplest rational curves, ZB, itself, is thus obtained 
from the simplest five valued function, ¢. Writing 


t, = (AS — + — AZ) — + 
and indicating the quadratie factors of /7 by the notation 
we have for the differences of the ¢’s, the values 
[447,147] [14+1,904 7], 
— +1,047]. 


—vi(t 


Substituting these differences in (6) § 2, and taking out the common factor 
m[i,k],(i,k4=1, 2; ---; 3,4) we have the rational representation of the 
sextic LB, in the same form as (6) except that ¢, — ¢, is replaced by the quadratic 
[i, 4]. The author hopes to discuss these curves more fully in a later paper. 

It may be mentioned here that by formulas (4), (5), § 4, a point « is deter- 
mined by five points y, since a pencil of cubics in the net of C,, C,, C,, has 
five movable base points. The separation of the five sets of 60 conjugate points 
y thus determined by a set of 60 conjugate points a can be accomplished by the 
general “diagonal” quintic equation. For if in equations (12), § 4, we put 
B,/ B, = (u — 5a)/20a and eliminate B,, B,, C, we have the result 


4cu’? — 20bu* + bau —1=0. 
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Here a, b, c, being given and w determined, we have the values of B,/ 2, and 
from }/a’*, the value of C/ B3. 
§ 8. Generalizations of the two forms of the Cremona G,,,. 
The J/-form-problem and its accompanying Cremona group, as discussed in 
$ 2, admits of an immediate generalization to apply to the equation of the nth 
3 8 y | 
degree. Ina space of n — 3 dimensions, S_,, a general set of m — 1 points is 


n—4 


chosen, the points 1, 2,---,n—1. Through these points are oo rational 


norm-curves of order n — 3, /2; through each point, P,, of S_, a single 
curve 72. At P there is a definite S_, having ( — 4)-point contact with 2. 
This S\_, and the x — 1 points determine a pencil of spaces S,_,, which pencil 
also includes the space having (x — 3)-point contact with 72 at P. In this 
pencil the (x — 1) spaces determined by the n — 1 points and the hyper-oscu- 
lating space fix a system of projective binary n-ics. Conversely a given binary 
n-ic fixes a set of n! points P according to the order in which x — 1 of its 
roots are associated with the » — 1 fixed points. A single curve /2 is picked 
out by requiring the parameters of the fixed points to be projective to the 
selected n — 1 roots. On this curve there is a single point ? whose parameter 
is at the same time projective to the n-th root. 

The »! points P determined by a binary v-ic are a set of points conjugate 
under a group G,,, of Cremona point transformations. This group is generated 
by the collineation group of order (xn —1)! which permutes the n — 1 fixed 
points and by the Cremona transformation of order n — 3 which has n — 2 of 
the points as a “ principal basis” and the remaining point as a fixed point, a 
transformation of the type «;=1/x,. It consists of (n —1)! collineations, 
and (nm —1)!(n—1) Cremona transformations of order n —3 with n — 2 
of the fixed points as principal points of order n— 4. To every invariant of 
the binary n-ie corresponds a locus of points P for which the corresponding 
invariant of the x spaces S_, determined at P vanishes. The locus J is of 
dimensions » — 4 and is an invariant of the group. Conversely to every invari- 
ant spread of dimensions n - 4 corresponds an invariant of the n-ic. To the 
discriminant D corresponds the square of the }(n — 1)(n — 2) spaces through 
n — 3 of the fixed points. 

The » — 1 points being given in any convenient coordinate system, the equa- 
tions of the invariant spreads are obtained, as before by means of the typical 
representation of the binary n-ie with one reference point at a zero of the n-ic 
and the other at the linear polar of this one with regard to the remaining n — 1. 
This requires a calculation of the invariants of the n-ic in the typical form. If 
I, 1,, --+,L,_,, are n — 2 independent invariant spreads, i. e., the correspond- 


ing invariants are connected by no syzygy, we can state again the /-form 


problem : 
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Given the numerical values of I,, ---, I or of the n — 3 absolute invari- 


ants formed from them, to calculate the n — 3 ratios of the coordinates of one 
of a movable set of n! conjugate points for which the spreads take the assigned 
values. 

If VD be adjoined as an invariant curve, the order of the group reduces to 
in! A new set of n — 3 absolute invariants can now be chosen and a state- 
ment of the Z’-form problem made as before. The solution of the /’-form 
problem gives the roots of an n-ic projective to the original n-ic. In the case of 
nm an even number the transformation by which the transition to the given n-ic is 
made involves certain square roots (see CLEBSCH, Biniire Formen, pp. 425-7). 

As a special case of the above, take » =6. The binary sextie has 4 inde- 
pendent invariants, A, B, C, and D the discriminant, of degrees 2, 4, 6, and 
10 in the coefficients, and one skew invariant 72 of degree 15 whose square is 
rational in the other four. The corresponding surfaces, invariant under the 
Cremona G,,,, determined by five points in space, are of orders 4, 8, 12, 20, and 
30 with 2-, 4-, 6-, 12-, and 15-fold points at the five points. Some of these in- 
variants are determined by the transformations of period 2. J is the surface 
of fixed points under a transformation of the type (12). J? is the product of 
15 quadries each a locus of fixed points under a transformation of the type (01) 
(23) (45). The 45 transformations of the type (12) (34) determine 15 line 
pairs and 30 conic pairs as their locus of fixed points. 

The parameters in the J/-form problem can be chosen to be B/ A’, C/A’, 
D/A’. In the J’-form problem oceurs V 2), a surface of order 10. Since 
V D and RP are the only two surfaces whose orders are not divisible by 4 we 
have to take as the simplest set of parameters B/A*, C/A* and R/(v D)*. 
The sets of 360 conjugate points then occur as the movable meets of a doubly 
infinite system of curves of order 96, invariant under G.,,, and a simply infinite 
system of surfaces of order 30, invariant under G,,, 

A method of attack that is suggested in connection with this problem is to 
find a system of oo! “ homaloidal ” surfaces invariant under G’,,,.. Through any 


only. 


set of 360 conjugate points will pass a certain number of surfaces and one of 
this number can be singled out by the adjunction of an accessory irrationality. 
On the surface so obtained, which can be rationally represented by means of 
three homogeneous variables, the Cremona G’,,, is iepresented by WIMAN’s group 
of 360 collineations on the three variables. Thus the solution of the /’-form 
problem, which contains 3 parameters, would be made to depend, by means of 
an accessory irrationality, on the solution of the form problem associated with 
Wiman’s group which depends on only two parameters. As in the case of the 
quintic, where the ikosahedral binary form problem is the final one, owing to 
the non-existence of a unary g,,, 80 in the case of the sextic, the Wiman form- 
problem is final, owing to the non-existence of a binary Homaloidal sur- 
Trans. Am. Math. Soc. 28 


422 A. B. COBLE: CREMONA GROUPS [October 


faces of the desired sort can be obtained from the six values of the ratios of any 
two six-valued functions under g,,,, i. e., any rational functions of a, b, c, d 
(notation of §§ 4, 5). 

The G.,,,, discussed in § 1, is generalized in a very different way from that 
of §2. In the plane we find geometrical analogues of the permutation groups 
of four and five things determined by four and five points respectively. That 
the G',, of the four point is a collineation rather than a Cremona group, is 
accidental. The analogue of the oo' projectively distinct quarties is the pencil 
of conics through the four points. Owing to the presence of the invariant sub- 
group G’, which transforms each conic into itself, a binary quartic is represented 
by only six members of the pencil. To extend this representation to the sextic 
we fix six points p,,---,p,in a space S,. Through these six points pass 00° 
quadric surfaces Q. A line Z of the space is contained on a definite one of 
the @ and on it is, say, an /A-generator. The six planes through Z and the 
points p,,---, p, determine projectively a sextic. The same sextic is deter- 
mined by the parameters of the six /-generators through the point p, and is 
therefore independent of the originally chosen A-generator 1. Thus the lines 
of a regulus through the six points determine a system of projective sextics. 
Conversely a binary sextie determines a definite regulus through the six points. 
For five of the roots fix a cubic curve through the five points p,, ---, p, and the 
sixth fixes a point g, on this curve. The pencil of planes on the line p,q, cut 
the cubic in two variable points whose join lies on a regulus through the six 
points. The only case of exception to the correspondence of sextic and regulus 
occurs when the sextic is projective to the parameters of the six points on the 
cubic curve through them. This system of sextics is represented by the oo” 
chords of the cubic curve. The invariants of the sextic are represented by cer- 
tain line complexes containing 00” reguli. 

Again with reference to seven given points in space, p,,---p, a line Z fixes 
a system of projective binary septimics, and a given septimic, with ordered roots, 
will determine in general a definite line. Exceptions occur for the reguli 
through the seven points all lines of which determine the same septimics. In 
both the above cases the complexes of lines corresponding to invariants of the 
sextic and septimic can be obtained by CLEBscu’s principle of transference. 
These complexes are invariant under Cremona groups of “line transformations,” 
i. e., Cremona groups in six variables p,, which have an invariant quadric. 
Owing to this identity among the variables the form problem of the septimic 
would involve only four parameters. Practically however this is not simpler 
than a form problem in five dimensions with five parameters. The large in- 
crease in the identities among the variables would seem to render useless further 
generalizations along this line by means of which octavics and nonics are repre- 
sented by planes in four dimensions with references to 8 and 9 fixed points in 


the space. 
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We have in the above various methods for basing the solution of an equation 
of degree n, which contains n parameters, on the solution of a form problem 
which contains » — 3 parameters. The underlying group of the form problem 
is, to be sure, a Cremona group, more complicated therefore than the collinea- 
tions groups heretofore employed. But the proof of WIMaN that no collineation 
group, isomorphic with the even permutation group of eight things, exists in 
less than six dimensions shows that the octavic can only be reduced to the solu- 
tion of a collineation form problem containing not less than six parameters. On 
the other hand, the Cremona group form problem outlined at the beginning of 
this paragraph contains only five parameters. And there is no reason as yet to 
suppose that isomorphic Cremona groups do not exist in spaces of fewer dimen- 
sions. It is thus important to investigate the occurrence or non-occurrence of 
Cremona groups, isomorphic with the even permutation groups of / things, in 
the spaces of a moderate dimension. 

In the case of the quintic we have seen that the adjunction of an irrationality 
(p in §5 or YA of KLEIN) permits of the solution of a form problem with 
two parameters in terms of the solution of a form problem with only one 
(z = H*/12° f°). In connection with the form problems associated with a 
given equation three kinds of irrationalities can be defined: natural, accessory, 
and functional. 

A natural irrationality is one whose adjunction permits of reducing a 
form problem with a certain number of parameters and a group of a certain 
order to another form problem with the same number of parameters but with a 
group of lower order. 

Thus the adjunction of VD in § 8 lowers the order of the group from 120 to 
60 while the number of parameters is the same. 

Anaccessory irrationality is one whose adjunction permits of reducing 
the given form problem to another whose group has the same order but which 
depends on a smaller number of parameters. E. g., the adjunction of p in § 5 
reduces the a-problem to the Z-problem, both having a group of order 60, but 
the first depending on two parameters, the second on one. 

A functional irrationality is one whose adjunction permits of reduc- 
ing the given form problem to another whose group has a lower order and 
which contains a smaller number of parameters. 

In the case of an equation of degree n, one root of the equation is such an 
irrationality. So also is X, the ikosahedral irrationality, whose adjunction 
reduces g,, to g, and reduces the number of parameters to zero. 

The plan of procedure in solving a general equation of degree n suggested by 
the above is: 

(1) To obtain the values of the » —3 parameters in any J-form problem, 
whose group is G,,. 
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(2) To obtain, after the adjunction of the natural irrationality vy D, the 
n — 3 parameters in the J’-form problem whose group is G,,,. 

(3) To reduce, by the adjunction of successive accessory irrationalities, the 
number of parameters as far as possible, i. e., until the group, collineation or 
Cremona, isomorphic with G,,,, in the smallest number of variables, has been 
attained. 

(4) To adjoin, as a functional irrationality, the solution of this final form 
problem. 

(5) To obtam from this solution, by rational processes (or also by the irra- 
tionalities involved in a typical representation of the n-ic) the roots of the given 
equation. 

The writer hopes to apply the process here sketched to the sextic in a later 


paper. 


BALTIMORE, February 1, 1908. 
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ON THE DIFFERENTIAL EQUATIONS OF THE EQUILIBRIUM OF AN 
INEXTENSIBLE STRING* 


BY 


EDWIN BIDWELL WILSON 


1. Introduction. In a recent communication on the problem of the rotating 
string or chain, I remarked the fact that of the great variety of problems on the 
equilibrium of strings there are few, if any, which treat cases other than those 
in which the field of force is rectilinear, namely parallel or central, and that 
consequently problems in which the string has a free end are too trivial, as far 
as the general question of equilibrium is concerned, to deserve mention.¢ The 
object of the present discussion is to enlarge upon that remark. It will appear 
in §6 that there is a large class of cases other than rectilinear which may be 
explicitly integrated by quadratures. 

Let it be assumed that the string lies in a plane field of force derivable from 
the potential V. The condition of equilibrium is then expressible by means of 
the calculus of variations as 


fe Vds a minimum, J ds a constant, 


where p is the density. The integral to reader a minimum becomes 
P 


(1) f Fas = S(p V+2)ds (2 a parameter). 


This type of integral, where the integrand is the product of a function of posi- 
tion and the differential of are, is of frequent occurrence in the applications of 
the calculus of variations. It includes the propagation of light in a medium, 
in which F’ is the index of refraction, and the brachistochrone problems, where 
F is the reciprocal of the velocity. 


* Presented to the Society April 25, 1908. Received for publication March 30, 1908. 

t The equilibrium of a heavy homogeneous chain in a uniformly retating plane, Annals of 
Mathematics, series 2, volume 9 (1908), pp. 99-115. 

t The density may be considered as constant, although the case in which the density were a 
function of position (a condition rarely, if ever, realized in practice) is not excluded in the 
analysis ; it would merely be necessary to replace F by pF and note that the curves called equi- 
potential in 72 would be curves pF = const. 
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The differential equation of the extremals in cartesian codrdinates is 


,0F 
ax V 1 cy 
or 
(3) Py =(F,— Fy ity"). 


This latter equation may be written in simpler form as 
(4) —by +4,y —¢,=9, b=log 


These equations are of the second order and third degree. Such equations have 
the property that their degree as well as their order is unchanged by the general 
point transformation 


(5) X(zr,y), (x,y), 


except that the resulting equation may be of lower degree owing to the vanish- 
ing of some of the coefficients in the transformed equation. 

The question of the integrability of an equation of the second order may be 
viewed in several lights. From Lie’s point of view, the question is as to the 
existence of 0, 1, 2, 3, or 8 independent infinitesimal transformations admitted 
by the equation.* In this direction Lie himself and his pupil TrEssE have 
carried on investigations in which the differential invariants figure prominently.+ 
These methods are applicable to equations of higher degree than the third. On 
the other hand R. LiouviL.e, without making use of Lirz’s methods but none 
the less by employing invariants of (5), has discussed this case of a cubic in y’ 
in extended detail.{ Leaving for the present the further consideration of these 
methods, I shall begin without introducing the theory of invariants. 

If the equation y” = o(x, y, y’) is to admit the infinitesimal transformation 


(6) Ut == E ox + oO 
the condition given by Liz$ 


(n, — — )o — Ey” + (my, — 26, + (2M — + 
— fo, — nw, — [, + (1, ]o, =9 


* See, for example, L1E-ScHEFFERS, Differentialgleichungen, especially Abteilung 5. 

+ TRESSE, Sur les invariants différentielles des groupes continus de transformations, Acta Math- 
ematica, vol. 18 (1893), pp. 1-88, and Détermination des invariants ponctuelles de Uequation 
ordinaire du second ordre 2x, y, y ), Jablonowski Preisschrift (1896). 

t Sur quelques équations différentielles non linéaires, Journal de 1’Ecole polytechnique, 
vol. 57 (1887), pp. 187-250, and Mémoire sur les invariants de eertaines équations différentielles et 
leurs applications, ibid., vol. 59 (1889), pp. 7-76. 

2 LiE-SCHEFFERS, Differentialgleichungen, Theorem 35, p. 363. 
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must be fulfilled identically in y’. This requires the four simultaneous linear 
partial differential equations 


— + 0, >, + $, — — = 9, 

— 2n, 6, + + — — nb, = 9, 
Ny — + 2&6, + 30, — — &b,, — = 9 
— 2n,, + 2n,, + 3& — — — nb, =9, 


of the second order in the two independent variables x, y and the two dependent 
variables £, 7 to have a common solution. 

It is physically obvious and readily verified on equations (8) that, if /’ and 
consequently V and ¢ are functions of one variable alone, say x, there is a 
common solution = 0, 7 = 1 which amounts to a translation along the equi- 


(8) 


potentials V = const. In like manner if / is a function of r = V2? 4+ y’ - 
alone there is the obvious common solution & = — y, » = x which represents a 
rotation about the center of force at the origin. The complete integration of 
these two cases seems to have been familiar to JoHN BERNOULLI; * the results are 


dx dr 
(9) y= | (¢ a constant ), 


in terms of quadratures, from which it is easy to see cases that are and cases 
that are not such that the form of the curve can be expressed by trigonometric, 
hyperbolic, or elliptic functions. 

2. Transformation to equipotential curves. If the reason for the integrability 
by quadratures in the foregoing cases be sought, it is seen to lie in the fact that 
the equation (2) in the first case, and the similar equation in polar coordinates - 
in the second case, reduces to one term and is immediately integrable to 


(10) F 


Vie-y c 

wherein the variables are separable. Now, inasmuch as /’ is a function of V 
alone, a transformation to curvilinear codrdinates «, v, in which one set of 
curves is the set of equipotentials and the other set is any independent family 
will take (1) into the form 


(11) f Fas, ds = V Adv? + 2Bdudv + Cdv* 


where /’ is a function of V alone, and if the method of integration used in (10) 
and (9) is to be available it is necessary and sufficient that A, B, C be like- 
wise functions of V only. 


*See the numerous references in WALTON’s Problems in Theoretical Mechanics, third edition, 
Chapter 5. 
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Considerably to simplify the further calculation of these conditions and 
others that will arise it is desirable to transform from cartesian to minimal 


coordinates 
1 1 
12) m=ar+iy, w=5(m+n), y=ui(m—n); ds=Vdmdn. 


Then equations (2), (3), (4) beecme 


d 1 
(3’) Fr’ =2F —2F 
(4) n+ =0, = log F”, 


where it should be particularly noted that ¢ regarded as a function of m, n 
is the logarithm of the square of F’ regarded as a function of those variables 
instead of the logarithm of #’. Incidentally the set of equation (8) becomes 


Dim — Pn Mm = 
— =9, 
Man — + — E, + Pun = 
E nm — + Pn En — + Pun + Pun = 


On introducing the transformation to the equipotential curves, that is, 


(8’) 


(13) uw=g(m,n), v=h(m,n), du=g,dm+g,dn, dv=h,dm+h_dn, 


where it is assumed that q is a function of V(m, 7), the integral to minimize 
"is (11) where by virtue of 


h du—g dv q,,dv—h, du Im In 
(14) dm== " A= +0, Fvdman, 
4 4 h,, h, 
the expressions for A, B, C are merely 
hh g,h, +9,h 9,9 
(15) { B C 


and these are, under the present hypotheses, to be functions of V and con- 
sequently of g. The conditions may be restated in better form. 
It is evident that 
2B t+ Im 


I, 
= hh. is a function of w= q(m,n), 


2B g,h,+g9,h, 


is a function of u = g(m,n). 
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But if the sum of two quantities and the sum of their reciprocals is known, so 
is their product and hence their difference and finally the quantities themselves. 
Thus 
G 
Jn and % are functions of w. 
h h 


m n 


Now A may be written in the form 


A 1 
which shows that A is itself a function of w, and hence from the original forms 


of A, B, C, it follows that 
(16) GnIn> Imtins ave functions of u or g. 


It may be noted that in the derivation of these conditions the assumption has- 
tacitly been made that none of the four quantities g,,9,, /,,, which occur 


in denominators, vanish. In case g, or g, should vanish there would be no need 


m? 


of a transformation to equipotentials. In case , or h, should vanish a similar 
discussion of A, B, C shows that the conditions (16) are none the less satisfied. 
It may further be noted that of the four conditions only three, in particular the 
last three, are independent. Furthermore, the function g may be replaced by V 
or F’ which are functions of g: the more general function g has been introduced 
to cover the cases in which some function of F’ or V might be simpler to treat 
than F’or V. The results may be stated as 
THEOREM 1. The conditions that the extremals of the problem 


(1) fF(e, y)ds, ds = V dx’ + dy’, a minimum 


may be found by direct quadrature by transformation to the equipotentials are 
that the three quantities 


2 
(16’) Jy mand n given by (12), 
where g 1s any convenient function of F’, be functions of F’. 


3. Further discussion of the conditions. The expression of the fact that the 
functional determinants of each of the three functions (16’) and g vanish is 


I, + Gu, Fn Gx 
In + Im Gon In 


0 or Jn Ian? 


mm h, + In h mn h,, +> Im 
0, 
I mn h, + In h,, + In hin In 


™ 
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which by the introduction of the auxiliary function ~ = g,/g,, may be reduced 
to the three equations 


This leads to a restatement of the conditions in a modified form in the 

TueoreM 2. The conditions that the extremals of (1) may be found by 
direct quadrature by transformation to the equipotentials is that g or F' or 
V shall satisfy the partial differential equation 


(174) =~ (- 
om \ on\ 


and that a function h may be found to satisfy the equations 


(17d) Wh, —h, =9, Wh, =9, 


nn 


subject to the restriction that h,—g,h,, +9 and with q,/49,,- 


It may be noted that the function ~ may really be introduced because it was 
seen that no restriction would result from assuming that neither g nor q, 
vanish. It is also evident that if g is a solution of (17a), so is any function of 
g- Furthermore certain solutions of this equation are known, namely, 


(18) g = P(am+ bn+c) and g= P[(m+a)(n+b)], 


® an arbitrary function, a, b, ¢ arbitrary constants, which correspond to the 
cases of a force parallel to a line or acting toward a center. As there are two 
equations (17d), it is not to be expected that they may be satisfied unless the 
function y which occurs in the coefficients is restricted; and it is hardly prob- 
able that this restriction is no more than equivalent to (17a). It may turn out, 
however, that in a given example not even the necessary condition (17) is satis- 
fied. For instance, in the previous communication in the Annals of Mathe- 
matics the potential function was of the form x + cy’, which is immediately 
seen to fail in satisfying this condition. The transformation to equipotentials 
would therefore be useless. 

To bring in the conditions (17d), the first equation may be differentiated with 
respect to m and multiplied by y and then added to the derivative of the second 
with respect ton. The derivatives of the third order drop out and so do those 
of the second order if /, be substituted from the second of the equations and 
the result reduced by the relation Wy, + ~,=9 which is an equivalent of 
(17a). The resulting equation 


(19) V¥ nm, + — Vin) = 


may be added to the two in (174) and must hold simultaneously with them. If 
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v,,,, be expressed in terms of 7, the result after discarding factors which are not 
zero is 

That the coefficient of 1, may be obtained by interchanging m and x in this 
form of y, is obvious from the symmetry of the original conditions (16)*. 
Hence (19) becomes 


(19) (Din Intn — (Pn — ) = 9- 


This condition splits into two. Either 9 or h,=h,,. 
In the first case y may be obtained at once in the form 
v= mf (n) 
and after substitution in Wy, + ~, = 0, which was seen to be the equivalent of 
(17a), gives the two equations 
Sitti =9 Si 
If f, and f, be determined from these equations the value of y is 
m+a 
or g=P[(m+a)(n+b)]. 


Thus in this case there is nothing new: for the value of g is that already deter- 
mined for central forces. In the second case where h,=/,, a reference to the 
original conditions (16) shows that h, and h, are each individually functions of 
g and hence g,, and g, are functions of g. The functional detrminants in ques- 
tion reduce to the differential equations 


Im I, 
or 
~-log g, = ~— log anc losgq = Of ¢ 
Om In Om ° In On In Con In 


From the latter form it follows at once that 


Y= In — const. or g = P(am + bn+c), 


Im 
which again is not new, merely the case of a parallel field. 

The results may therefore now be summed up in the general 

TuHeoreM A. The cases of central and parallel field are the only cases in 
which a transformation to the equipotentials and to any other system of curves 
will enable the integration to be carried out immediately owing to the lack of 
one of the variables in the integrand Fds. 


* The complete work was, however, used as a check on this statement. 
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It therefore appears that the quest of cases in which the discussion of a string 
with a free end is other than trivial must be along a less restricted direction. 
Before attacking this problem, I will make a digression in the following article. 


4. On the integration of p’?t—q’?r=90. The integration of equation (17¢), 
although not required in the discussion of the problem here treated, offers some 
points of interest owing partly to the fact that it belongs to the difficult class of 
differential equations of the second order and of degree higher than the first, 
partly to the method employed. In the usual notation the equation is 


Oz [Cz 


If Cuarpit’s method be applied to py, + y, = 0, the resulting system of equa- 
tions is 


dy dp dq dy dx 
—1 ppg 
The integration of the first two of this system gives p~' = y + 6 and hence 
dx 


dy = or dx = ydy + dy + bdy 


ytd 


becomes immediately integrable with the result 


r+a / 


dy/ 


Oz 

ap? compare z= P [(x+a)(yt+ b)}. 

which is a first complete integral and corresponds precisely with the cases of a 

central force in the problem above. The first general integral would be obtained 
by eliminating } from the two equations 


+6(b) 1 


On the other hand the integration of the second two equations of the given sys- 
tem gives bp — aq = 0 and hence 


b /0z 
y= / compare z= P(axr + by +c), 


Oy| Ox 


which again is a first complete integral and corresponds to the case of parallel 
forces. The first general integral here cannot be found by elimination. 

The elimination is not readily carried out in case @ is an arbitrary and not an 
assigned function. On the other hand the first general integral of the equation 
may be found by interchanging the dependent variable y with one of the vari- 


Oz\* Oz Oz\* Oz 
(5) cy (=) any 
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ables x, y by means of the well-known formula 


Oo (55) (=) 
see 


zy) 


and 
2, Cx 
If X be introduced to represent (0x/Oy)_, the final solution of the equation is 
found on eliminating » from the two equations 
w+ rAy=f(r), VAy +f, (2) = | 
J 
There appears to be no way of obtaining the general solution in a form in which 
no elimination is necessary. 


5. On the reduction of the equation of extremals to the type y’=0. If the 
equation which determines the extremals is to admit an infinitesimal transforma- 
tion, the set of four equations (8) or (8’) must have a common solution for & and 
7. The method of determining the conditions for a common solution is stated 
very clearly by Tresse.* In the first place the given equations should be 
written in a canonical form by solving for certain of the derivatives of highest 
order, here the second; then the equations should be differentiated until there 
are enough equations to solve for all the derivatives of the resulting highest 
order. In this case one differentiation will suffice to allow a solution for the 
derivatives of the third order. 

Ins = ?,, + Pim Nm? 
= ?,, + Prin Nm? 

7,3 = ) 2, + 3¢,,, + (¢, + (¢,, Prine) Es 
Es Nn + (¢,,2 261m) En +> (¢,, ) > (¢,, Prin $43) §- 


Next the conditions of integrability 


(20) 


must be expressed. In this case there are six such conditions. of which two 


* Acta Mathematica, vol. 18 (1894), p. 9. 
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vanish identically and four are equal in pairs. There remain then 


A(2—.+7,)— Bn, +A,n+A4,&=9, 
B(2n,+&,)—AE,+ B n+ BLE=0, B= $,¢,,, —$,,,2° 


These equations are to be joined with (8’) and (20) and further conditions of 
integrability are to be sought. 

Before taking this matter up, it may be noted that if (21) are satisfied iden- 
tically, the conditions of integrability are certainly fulfilled and no further work 
is necessary. This will be the case if A= B=0. A reference to the work 
of R. LiouviLe* will show that these conditions are the same as his L,=,=0, 
which are the necessary and sufficient conditions that the equation (4’) should 
be reducible by a point transformation to the form 7” = 0. The conditions are 
also identical with Tresse’s /7 = 0 which ensures the same possibility of reduc- 
tion toy” =90.+ It should be noted that A = B=0 if 0, that is, if 
or log F’ satisfies Laplace’s equation. It is therefore possible to state 

THeoreM 3. Jf log F satisfies Laplace’s equation A log F = 0, that is, if 


(21) 


a9 


(22) (3 + By? log F = log 0, F=f,(m)f,(n), 


the extremals may be transformed by a suitable transformation & = X(x, y), 
y = V(x, y) into the ?* straight lines of the plane. 
If d+ 0 while A = B=0, the equations A = 0 and B=0 may be put 


in the form 


. log =. and log =~. 
Pun om $ On Pus On $ 


From this it is an immediate consequence that 


(23) = xe®, dmon log F? = (« a constant), 
and the integral of this equatien may be written in the form ¢ 


(24) VS where 

J\(m) 
This result cannot be regarded as a general case under which (22) may fall, 
although the differential equation (23) from which it is derived may be regarded 
as the general case of which LAPLACE’s is a special case obtained by setting 
«=0. Both results may be included, however, in the general 


* An immediate consequence of the work on pp. 218-219 of the first memoir cited. 
t Jablonowski Preisschrift, 1. c., p. 56. 
t JORDAN, Cours d’ analyse, vol. 3, p. 360. 
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THEOREM B. The necessary and sufficient conditions that the extremals of 
[ Fads be defined by a differential equation reducible by a transformation 
y) to the form y” = 0 are that 


(23) 


~ log F? = «F”, 
Om On 


where « is any constant (including « =); or that 

where f, and f, are arbitrary functions of m and n respectively. 


6. The case of Laplace's equation. If ¢ = 0, the solution for @ may be 
written in the form of the sum of two functions g(m), h(n) 


(25) p=g(m)+h(n)+a4+b, 


where the constants have been added for convenience inasmuch as ¢ enters in 
the equation (4’) of the extremals only through its derivatives. The set of 
equations (8’) which determine & and 7 then becomes 


(26) My — 2E,,, + — 29°F, + h'n = 0, 
— + — 2h'n,, + =O. 
The first two of these equations may be integrated completely in the form 
(27) n= N f edm M fe dn+ WM, 


where M and M are functions of m only and NW and N functions of n only. If 
these values be substituted in the third equation of the set, the result may be 
arranged in the following manner : 


(28) fet dm + + +h'N)=2 (M'+9'M), 
with a similar equation from the fourth of the set. 
As (28) is an identity for all values of m and n and as | e’dm and e~" may 


without loss of generality be considered as not identically constant, it follows that 


the three equations 
M+gM=0, 


(29) 
N’ +h'"N=0, 


must each be true, with three similar equations from the fourth equation of (26). 


LAN 
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The first equation with its analogue yield the solutions 

(30) M = ce~!, N= ke~ 

for Mand N. To determine Mand JW there remain the equations 

If it be noted that e~’ and e~ respectively are particular solutions of these 
equations, the general solutions may be found as 


(30’) M=e~ ( f + ¢, ) (k, fe dn + k,). 
On substituting these values of MW, 17, N, N the expressions for £ and 7 are 
=e fe'dn+c, fedm+e,, 
ne" = f + k, fe dn + k,. 


Thus in case ¢ = 0, the exact form of the coefficients —&, of Uf may be 
found. The group is clearly one of eight parameters. The path curves are 


(31) 


given by the differential equations 
dm dn e’dm dn 
E cfetdn + + ¢, k ferdm + k, ferdn + k,’ 
which may be written in the form 


(32) 5G +hGH+h,G H*+¢,GH + c,H + const., 


where the notation G = f edm, H= f e'dn has been introduced. Moreover 
in this case the integral of (4) may be found directly. For 


+ h'n'—g' =9 or d log n’ + h'dn— g'dm=0, 


logn’+h—g=C,, n =Ce", 
and 


= Ce’'dm or H=CG+K, 


where C’ and £ are constants. The value of is = Ae’e’. 
Now that the computations have been completed it will be advantageous to 
introduce the new functions 7 =e’, h =e" in terms of which to state the 


results in 

THEOREM 4. The necessary and sufficient vonditions that the differential equa- 
tion (4’) of the extremals be an exact differential equation is that the function F 
be defined by F'? = Agh, in which case the solution of the equation is 


(33) CH+0,G=K, G=fgdn, H= fhdn, 
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and the infinitesimal transformations which the equation admits are 
(31’) & =-H+¢,G+e,, nh=kG +k, H+ 


To obtain real solutions ad libitum the conjugate harmonic functions ? and 
S may be introduced so that 


G= K+ Si, h=R-—Si, F? = A(R’? + 


Formulated as a theorem, the result may be stated in 
TueoreM 5. Jf F? = A(R’ + S*), where R and S are conjugate har- 


monic functions, the equation (4) of the extremals is integrable as 
(33°) C, Rdx — Sdy) + C, Rdy + Sdx) = 


7. Concerning other cases. The next case to consider would be that of equa- 
tion (23) in which « + 0. Here it appears impossible to carry through the 
determination of the infinitesimal transformations and of the solution of the 
differential equation of the extremals in terms of the functions f, and f, which 
enter in #’. Both Liz and R. LiouviLe have shown that in case any differ- 
ential equation is reducible to the form y” = 0, the solution of the given equa- 
tion may be made to depend upon the solution of a linear differential equation 
of the third order.t The specialization which their results undergo when 
applied to the particular equation (4’) does not appear to be sufficient to render 
the equation of the third order integrable in terms of quadratures. For further 
details concerning this case reference is therefore made to the original sources. 

Thus far the discussion has been wholly on the assumption that the given 
equation (4') admits a group of eight parameters. To derive the conditions, 
which will be in the shape of partial differential equations, that ¢ must satisfy 
in order that (4’) shall admit a group of one or two or three parameters is an 
exceedingly tedious task at computation, whether pursued by the differentiation 
of (21) and the comparison with (8’) to obtain further conditions of integrability 
or attacked by the more systematic methods of differential invariants as indi- 
cated by Tresse or R. Liouvitie.{ Moreover, the partial differential equa- 

* That this formula satisfies (3) or (4) may be seen at once on eliminating C,. C,, K by dif- 
ferentiation are on substituting R.—S,, Ry—=—S,, the conditions for conjugate harmonic 
functions. 

+ LIz, in a memoir quoted as Norw. Arch., 8 (1883), p. 372, in the Mathematical Encylo- 
pedia and as Archives Norwégiennes, 8 (1883), by TrEsse. I have not had access to this 
reference. LIOUVILLE, in the first memoir cited. LIOUVILLE’s reduction is made under certain 
restrictive hypotheses, see p. 240, which are ample, however, to cover the case of equation (4’). 

} TRESSE in both memoirs, especially the latter, where the restriction of the third degree is 
not imposed. See references on p. 426, viz. Acta Mathematica, p. 76, and Jablonowski Preis- 
schrift, pp. 60-84. LIOUVILLE, in both memoirs, especially the second. LIOUVILLE does not 
determine the special conditions relative to groups of two or three parameters as distinct from 
groups of one parameter, but this classification can be imposed if desired. 

Trans. Am. Math. Soc. 29 
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tions which would be obtained would be of so high an order and degree as to be, 
in all probability, of no very great value or interest when obtained. It appears 
therefore that although TressE has obtained in an elegant manner and stated in 
concise form the necessary and sufficient conditions that a given equation of the 
second order shall admit a group of one or two or three parameters, yet for 
practical purposes there is no method of telling whether an assigned equation 
does or does not admit a group. 

In simple cases it is frequently possible to set up and actually solve the set 
of simultaneous partial differential equations for — and 7 which arise from the 
application of Likr’s condition (7) to a given equation; and in such cases as I 
have tried it appears that this method of actual solution, which will give the 
values of & and » if there are any, is no longer, if as long, as the methods of 
differential invariants. For instance, there are five equations, 


= +2, 
+ ay +4, 


9 


(34) y + é ( 1 
y +e(ay?+1)—e*y’, 
y= + e* (ay? + B)+é 


of particular interest owing to the fact shown by PaINLEvf, that they are 
the only equations of the second order y” = R(y', y, x), where 2 is rational 
in y’, algebraic in y, and analytic in 2, which have fixed critical points and 
which define functions that are uniform over the entire complex plane and are 
new transcendents. * 

The substitution of o = 6, + x in (7) gives the four equations 


1,,—2€,=9, 
2n,, — + 8x)E, = 0, 
Nee + — 2E,)(6y? + — — = 0. 
The first two may be solved completely for & and 7 to give the results 
(wy + h(w)y + k(x). 
The substitution of these values in the third equation yields 


4f"(x)y + — 9" (w) — (18y + 3x) f(x) = 0 
* PAINLEVE, Sur les equations différentielles du second ordre et d’ordre supérieur dont Vintégrale 
générale est uniforme, Acta Mathematica, vol. 25 (1902), pp. 1-85. See 711, p. 13. 
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or 
(x) =9, 2h’ (a)—g"(#) =9. 

The additional equations obtainable from the fourth equation are 

h(x) +2g(a)=0, h(x) —12k(x)=0, 

and a combination of these with the foregoing shows that f=g=h=k=0. 

Hence £ = 0 and » = 0; and the first equation of (34) hasno group. The pro- 


cedure for the second equation of (34) is quite similar. 
The result of substitution from PaINLEv#é’s third equation in (7) is 


E= f(x) logy + 9(“), 


1 
fw = 9, 


Ny 


2f"(«) 


n=yf (x)(log y)’ + yh(w) logy + yk(x), 


) = 0, ny — (w)log y — (2). 


3 
from setting the coefficients of y” and y” equal to zero; and from the rest 


(1, —y’) + Ee’ (1 y’) 2nye' = 0. 


The substitution of the values of & and » in these equations and the identifica- 
tion of the coefficient of each power of y to zero shows that here again &=7=0. 
And the two remaining cases are similar; in fact the forms of & and » as deter- 
mined from the coefficients of y” and y” are the same. Hence 

THeorEeM C. Painlevé’s five equations admit no groups. 

This result, which was merely derived incidentally to showing how the direct 
determination of the problem without the use of invariants is frequentiy pos- 
sible, is interesting, though certainly not unexpected. It may be noted, how- 
ever, that this absence of a group is not a characteristic of equations which 
define new uniform transcendents in PAINLEVE’s sense. Such equations may 
admit relatively simple groups.* Moreover, the groups which he employs are 
algebraic in y, and it is conceivable that even though his canonical equations 
admitted no such group, they might still admit some group transcendental in y. 
Theorem C states that the five types of the second order do not. 


MASSACHUSETTS INSTITUTE OF TECHNOLOGY, 
Boston, MAss., March, 1908. 


* PAINLEVE, loc. cit., 755, pp. 80-81. 
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THE PROPERTIES OF CURVES IN SPACE WHICH 


MINIMIZE A DEFINITE INTEGRAL* 


BY 


MAX MASON AND GILBERT AMES BLISS 


While the theory of the calculus of variations from the stand-point of WEIER- 
sTrass has been treated extensively for problems in the plane by KNEsER, 
Bouza and many other writers, comparatively little seems to have been pub- 
lished concerning the extension of the Weierstrassian theory to problems in 
space. It is the purpose of the present paper to discuss from as geometrical 
a stand-point as possible the ares 


(1) x(t), y=y(t), z= 2(¢t) 


which minimize or maximize an integral of the form 
| P(x, ys 2, 2’, y’, 2") dt 
et, 


involving three dependent variables, where /’ satisfies the homogeneity condition 
(2) F(x, y, 2, wy’, nz’) = (x,y, 2,2’, y', 2’) 


The end-points of the minimizing curve may be fixed, or one of them may vary , 
on a given curve or surface. 

The papers hitherto published with regard to problems of this type have for 
the most part dealt with the derivation of necessary conditions by means of the 
first and second variations. In the following discussion the necessary condi- 
tions which an are C’ must satisfy in order to minimize or maximize the inte- 
gral are derived without the use of the second variation. Sufficient conditions 
which insure a minimum or a maximum are derived with the help of the Hil- 
bert invariant integral. No discussion of the problem which might be called 


* Presented to the Society October 27, 1906. Received for publication May 12, 1908. 
{ In the dissertation of GERNET, the integral is taken in the form 


dy dz 
dx’ 
and necessary conditions are derived without the use of the second variation. See N. GERNET, 


Untersuchungen zur Variationsrechnung, Dissertation, Géttingen, 1902. 
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complete, so far as is known to the writers, has hitherto been published, and 
but one writer * has discussed the problem in parametric representation. The 
study of the sufficient conditions for fixed and for variable end-points seems to 
be entirely new. 

The first six sections contain the theory of the problem when both end-points 
are fixed, or when one is allowed to vary on a surface. The case when one end- 
point is allowed to vary on a curve is treated in the last two sections. 


$1. The Euler equations. 


In order to carry through the methods applied in this paper it will be assumed 
that the function /’ is of class C”’ for all points (, 7,2) in a region 22 of space, 
and for all sets of values of (2’, y’, 2’) different from (0,0,0).+ The functions 
of the form (1) defining ares along which the value of the integral is to be taken 
will be supposed to be of class C” and such that for every value of ¢ in the inter- 
val ¢, =¢ St, the values x, y,z, a’, y’,z are of the kind just described. When 
an end-point is allowed to vary on a curve or on a surface, the functions defining 
the curve or surface are supposed to be of class C”. 

A number of identities can be derived from (2) which will be useful in this 
and succeeding sections. By differentiating (2) with respect to x’, it is seen that 


(3) (2, ¥, %, uy, wz’) y, 2, 2%, y,2), 


and in general it follows that a derivative of /’ with respect to 2’, y’, z’ is homo- 
geneous of order 1 —, where n is the order of the derivative. By differ- 
entiating (2) with respect to « and then letting « = 1, we obtain the equation 


(4) + YF, +2F,=F. 

From this equation follow immediately by differentiation 

(5) +y =%, 
+y Fy, +¢F,, =9. 


From the latter set it is seen that the co-factors A,, of the elements of the deter- 
minant of the first members satisfy the equations 


A,,: A, = A,,: A,,: = A: 
By multiplying these three proportions by 2’, 7’, 2’, respectively, it follows that 


there exists a function /’, such that 


*Von EscCHERICH, Die zweite Variation der einfachen Integrale, Sitzungsberichte der 
Akademie der Wissenschaften in Wien, vol. CX (1901), p. 1355. 

+ A function is said to be of class C if it is continuous and has continuous derivatives up to 
and including those of order k. 


LAS 
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aA, = FF, — 


il yy 


= A,=F,,F,,— F%,, 
> 
= 
=A, =F SF, 
31 ye ys yy 
F, = Ay = 4) — FoF 


F,, Fy, Foy 
(8) F. 


, 


r 


are similarly expressible in terms of /’, and cannot all vanish simultaneously 
when /’, is different from zero, since one at least of a’, y’, z’ is always different 
from zero. 

Suppose now that an are C’ is at hand which minimizes the integral /. 
Then by a method quite similar to that used by WHITTEMORE,* it can be shown 
that along the are C’ the three equations 


(9) Fdtta, F, =| F dt +e, 
ty ety ty 


must be satisfied, where a, b, c are conStants. It is evident that a, 6, c must 
have the same values all along C since x, y, z, x, y’, z' are continuous func- 
tions of ¢. Let us now consider the second members of equations (9) as fune- 
tions of ¢, and the first members as functions of 2", y’, 2’, and ¢, the latter 
occurring in the functions x(t), y(t), 2(¢t). The parameter ¢ may be chosen 
so as to represent the length of are along C’, and then if we assume F’, + 0 in 
the expression (8), it follows from the theory of implicit functions that two of 
the equations (9) can always be solved with 


+y +2 =1, 
* Lagrange’s Equation in the Calculus of Variations and the Extension of a Theorem of Erdmann, 
Annals of Mathematics, 2d series, vol. 2 (1900-1901), p. 130. 


It follows also that 
Fy, Foy % 
a’ y 2 0 
and the minors of this determinant of the type 
= +y"+2") 
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for x’, y', z in terms of ¢ in the neighborhood of any set of values ¢, 2’, y’, z’ 
on the are C. The resulting functions x(t), y(t), z(t), have continuous 
derivatives with respect to ¢, and on account of the uniqueness of such solutions 
must coincide with the values of 2’, y',2’ along C. By differentiating equa- 
tions (9) we have the following theorem : 

If an are C is of class C’ and minimizes the integral J, the parameter can 
always be so chosen that the representation of C is of class C” and satisfies 
the three Euler differential equations 


dF, dF, dF, 


These three equations are not independent, for by multiplying their first 


(10) 


members by 2’, 7’, 2’, respectively, and adding, one finds the expression 
+ F, + YF, +2F), 


which with the aid of equation (4) reduces to zero. It is evident then that any 
one of the equations (10) is a result of the other two. 

The nature of the solutions of Euler’s equations may be shown by reducing 
the equations to a system of differential equations in canonical form. It may 
be assumed without loss of generality that the length of are is the parameter, 
so that 


(11) + y'y” +22" =0. 


The three equations (10), with (11), define »”, vy’, 2” as functions of 
v,y,%,x,y,2. This may be shown most symmetrically, perhaps, by making 
use of an auxiliary variable uw. The equations 

dF dF. 


(12) F, +yu=0, 


dF, 
a —F.4+2u=9, 


and (11), are linear in x”, y”, 2”, w, with the determinant (7) as their functional 
determinant. The expressions 


(18) 2’=A(a, y,2,2,y',2), 


found by solving them are solutions also of equations (10), for by multiplying 
equations (12) by 2’, y’, 2’, respectively, it is seen that the corresponding value 
of w must vanish identically. We assume now /’, + 0 for all values of 
2, ¥,2, x,y’, z for which it is defined. Then the determinant (7) is different 
from zero and the second members of equations (13) are of class C’ on account 
of the original assumptions on the function F’. 

The existence theorems for differential equations in the form (138) justify the 
following statement, the curves defined by equations (10) being called as usual 
extremals : 


| 
3 
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If the problem under consideration is a regular one, that is, if the function 
F, is different from zero for all values of its arguments, then through any 
point (25 Ys %) Of the region R there pusses one and only one extremal in 
a given direction (x, y,, %,). These extremals extend from boundary to 


boundary of R and are defined analytically by equations of the form 

(14) Y= (5, %, Yoo Yor %)s 

where 

and for s =9 the following initial conditions are satisfied, 


(16) Yoo Yor =Yos v,(9, Yos Yur %) =Yoo 

x(9, vos Yoo Yoo ) x, (9 9 Yoo Yoo 2, ) 
The functions ¢, ¢, are of class C” for all values of their arguments defining 
("Ys z)-points in the region /?, and similar statements hold true for y and x. 


§2. Conditions of transversality. 


If it is desired to minimize the integral J with respect to curves having one 
end-point 1(,, y,, 2,) fixed, while the other 0(,, y,, z,) may vary on a fixed 
curve or surface, a second necessary condition upon the direction of the mini- 
mizing curve C at the point 0, corresponding to the well-known transversality 
condition in the plane, must be satisfied. The case where the end-point is vari- 
able on a fixed curve Z will first be considered. 

Let the equations of the curve LZ be 


(L) e=a(u), y=y(u), 
the functions being of class C’ as specified in §1. The minimizing extremal 
C can be imbedded in a one-parameter family of curves 


(V) w=f(t.u), y=g(tu), 2=h(t,u), 


which intersect the curve Z for ¢t = ¢,, pass through the point 1 for ¢ = ¢,, and 
contain the extremal C’ for the particular parameter value u,. Analytically 
these properties are expressed by the following identities in w : 


a(u)=f(t,, wu), y(u)=g(t,,u), z(u)=A(t,, uw), 


x, =f(t,,u), 9(t,,%), z,=h(t,.u). 
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The value of the integral J taken along a member V of this family of curves 
from the point of intersection 0 of V with Z to the fixed point 1, is a function 
of the parameter w, 


ty 
J(u) = F(f.9. 4. Ss 9,. ,) at. 


If C minimizes the integral, the function J(w) has a minimum for uv = u,. Its 
derivative is 


dJ 


du 


(Pf + Qo. + Rh. )dt, 
u y I. z ud ty Ju Ju 


where ?, Q, # stand for the first members of the Euler equations (10). Since 
C is an extremal and all of the curves V pass through the point 1 for ¢ = ¢,, it 
follows that 
dJ = 

where the arguments of the derivatives of /’ are the values of x, y, z, 2, y’, 2’ 
on the extremal C at the point 0. A second necessary condition for a minimum 
is therefore the following : 

The direction of the extremal C at its point of intersection 0 with the fixed 
curve L must satisfy the equation 


(17) + FY, + Fz, =0, 


where the arguments of the derivatives of F are the values of x,y, 2,2, y', 2 
on the curve C, and x, y,, %,, define the direction of the curve L. 


From this condition one may easily derive the equations which must hold 
when the end-point is allowed to vary on a surface S, 


(S) 2(u,v), y=y(u,v), z=2(u,v). 


For if C minimizes J with respect to all curves joining the point 1 to the sur- 
face S, it must certainly minimize J with respect to all curves which join 1 
with either of the two parameter lines of the surface through the point 0. The 
transversality condition for the end-point varying on a surface is therefore the 
following : 

The direction of the extremal C at its point of intersection 0 with the surface 
S must satisfy the equations 


(18) Fx, + FY, + Fz, =0 ’ Px, + + =0 


where the arguments of the derivatives of F' are the values x, y,z, x, y', 2 on 
the curve C, and %, define the directions of the parameter 
lines of the surface S. 
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It is evident that if these equations are satisfied, any curve of the surface 
which passes through the point 0 will also be transversal to C’ at 0, since the 
direction cosines of any curve on the surface are proportional to expressions of 
the form 

Furthermore the derivatives /’,, #',, #', are proportional to the direction 
cosines of the normal to the surface, as is easily seen from equations (18). 


$3. The family of extremals through a given point, or to which a given sur- 
Jace is transversal. 


Before proceeding to derive the equations of a family of extremals through a 
given point, let us consider for a moment the quotient U//s’, where 


Xs Xx, Xvi, x 4 

0 mH % 


This quotient is a finite and continuous function of its arguments even when s=0. 
For by applying the mean value theorem for the variable s to the elements of the 
minor of the element 0 in the determinant, and by using the relations (16), it is 
seen that U/s’ approaches 1 as s approaches zero. If U/s’ remains different 


’,, With the initial element (x,, y,, 25%) 5 )s 


from zero along an extremal are C’,, 
it will also remain different from zero on C,, when Yoo 2%) are 
replaced by the values (x,, ¥,, 2,, 25 Y,+ 2) corresponding to a point 2 chosen 
on C,, sufficiently near to 0, and in the order 201 with the points 0 and 1. 

The family of extremals through the initial point 0 of an extremal are C,, 
can be found by making the constants 2,, y,, z, in equations (14) equal to the 
coordinates of the point 0. If x,y}, z) are replaced by functions a’(u, v), 
y (u,v), 2 (u,v) which reduce to the coordinates of the initial direction of 
C, for u = u,, v = v,, and which satisfy equation (15) identically, the equations 
(14) take the form 


(19) x= o(s,u,v), y=(s, u,v), z= u,v). 
These equations represent the extremal C,, for uw = u,, v = v,, and satisfy also 
the identities 


which express the fact that all of the extremals pass through the point (~,, ,, z, ) 
fors=90. It is evident that the derivatives ¢,, ¥,, x, and the similar ones 
for v all vanish identically for s = 0. 
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The functional determinant 


9, 
A(s,u,vy=¥, ¥, ¥, 
Xe hu 


is readily seen to be equal to the product 


The functions x’(u,v), y(u,v), 2 (u,v) can always be chosen so that the 
second factor is different from zero for u = u,, v = v,, and under those cireum- 
stances A(s, w, v) vanishes for s = 0 on C,,, but is different from zero in the 
neighborhood of s = 0 on account of the properties of U derived above. 

If the family of extremals (19) through the point 0 includes the extremal 
C,, and has a determinant A which is different from zero everywhere on the 
are C,, except at the point 0, then the quotient U/s*? does not vanish on C,,, 
and a point 2 can be selected in the manner described in the first paragraph 
of this section, such that the family of extremals through 2 will have a deter- 
minant A which does not vanish anywhere on the arc C,,. 

An extremal to which a surface S is transversal can be imbedded in a two- 
parameter family of extremals each of which is cut transversally by the surface 
S. To show this it is only necessary to substitute for x,, y,, z, in the equations 
(14) of the extremals the functions x(u,v), y(u, v), z(u,v) which define 
the surface, and for x), y,, 2, the direction cosines of the directions to which 
the surface is transversal determined by equations (18). That such a direction 
is uniquely determined at each point of the surface can be seen as follows: 
The equations 


v 


are satisfied by one set of values corresponding to the intersection 0 of the 
extremal C,, with the surface S, and at the point 0 the functional determinant 
of the first members with respect to 2’, y’, 2’ is different from zero. In fact this 
determinant is readily seen to be equal to the product of the two determinants 


10 0 0 0 2 y 2 


02 y 2 Bas 
» , 
y y Foy Foy Fyy 
y, 2 Bas Bas 
v v z 


‘ 
a x, 
| 
Y Yu 
| 
2 2 2 
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From equations (18) 


(21) 


=kF.,, 2.0 — 2 =kF,, 


vo u v 


so that on account of equation (4) the first determinant is equal to k¥’. The 
factor k is not zero if the surface S has not a singular point at 0, and we add 
here the assumption F' + 0 at the point 9. The second determinant is different 
from zero on account of equation (7). From the well-known theorems on 
implicit functions it follows that «’, 7’, z', are determined as functions of « and 
v, of class C” in the neighborhood of the point 0. 

After substituting the values x(u,v), y(u,v), z(u,v), (u,v), (u,v), 
z(u,v) as just determined for »,, ¥,, 25%, Y,> 2,5 the equations (14) take 
the form 


(22) y=v(s,u,v), z=7(8,u,v). 


On account of the properties of the functions (14) and of the solutions of equa- 
tions (20) there will be a region 


| 
0=s=8,, lu—u,|=«, |vu— v% 


in which $,, x, x, ave of class C’, where the quantities v, are the 
particular parameter values defining the extremal C,,. Since for s=0 the 
point (2, y, z) for all values of « and v lies on the surface S, the equations of 
S in the neighborhood of the point 0 are 


x= $(0,u,v), y=v(0,u,v), z=x(0,u,v), 
and on account of the transversality of S to the extremals of the family, we have 
Fv, + Fx, =9, 
(23) 


for s = 0, where the arguments of the derivatives of F’ are $¢, ¥, x, $,, V,; X,- 
The value of the determinant 


Y, 


when s = 0 becomes simply /:/’, with the help of the equations (4) and (23), 
and the factor / cannot vanish since it is understood that the surface S does 
not have a singular point at 0. And /’ has been assumed to be different from 


zero at the point 0 at least. 
It has been shown therefore that if a surface S is transversal to an extremal 
C,, at the point 0, then C,, can be imbedded in a family of extremals (22) to 
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each of which S is transversal. The determinant A(s, u,v) of the family 
does not vanish in the neighborhood of the point 9. 

Suppose that the determinant A vanishes for some point 2 different from O 
on the extremal (’,,, corresponding to the values s,, u,,v,. If it is assumed 


that at least one of the three-rowed determinants of the matrix 
X Xe 


(24) 


does not vanish with A, for convenience the determinant 


then the equations 

(25) A(s,u,v)=9, o(s,u,v)=2, W(s,u,v) 4% 
determine s, w, v as functions 

(26) s= y), u=u(r,y), v= v(x, y) 


in the neighborhood of the values x,, y,. By substituting these results in the 
third of the equations (22), a surface 


(D) 


Fig. 1. 


is found (See Figure 1). This surface is the envelope of the extremals (22). 
For from equations (25) and ()) the expression 


X,—2% 
8 als 


| \ \ 

& 
|| 
4 
d 
| 
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has the factor 


Xs Xe Xe 


which vanishes on D on account of the first of equations (25). 
If a one-parameter family be chosen arbitrarily from the set (22), this family 
will not in general have an enveloping curve. The condition that a curve 


= y(%)] =2(4) 


on the surface D shall be an envelope of extremals, may be derived as follows. 
If we substitute x(a), y(a) in the functions u(a, y), v(w, y) defined by 
equations (26), two functions u(a), v(a) are determined, and a one-parameter 
family of extremals is defined when u(a) and v(a) are substituted in (22). 
These extremals are tangent to the curve d if w and y are determined as fune- 


x 


(d) 2(a), y=y(), 2 


tions of a so that 


s,u,v being thought of as functions of « and y. The three determinants of 


the matrix 


¥, x, 


must therefore be zero, i. e., the three equations 
— ¥,2,% + ¥.%,)¥.= 9, 
(9,2, — + $,2,Ye = 95 
— = 9 


must be satisfied. The coefficients of «, and y, in these equations can not all 
vanish since at least one of the derivatives $,, w,, x, is different from zero at 
the point 2. That any two of the equations are a consequence of the third may 
be shown by expanding the determinant of any pair of the equations, and using 


the relation 


X, — 2%, 9, — 4% V, = 0. 


The determination of a one parameter family of extremals having an envelop- 
ing curve d is therefore to be effected by solving one of the above equations. 
It has the form 


A(x, y)r,+ B(x, y)y,=9 


| 
0 A A, A, 
F, 
=—AA, 
Pa 
eee 
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when s, wv, v are replaced by their values in terms of x» and y from equations 
(26). Since this differential equation is of the first order there exists one and 
only one integral curve 

(28) y=y(2), 


in the sxy-plane, passing through the point y,) for The 
equations of the family of extremals tangent to d are found by substituting 
x(a), y(a) in the expressions for w and v in terms of # and y from equations 
(26), and then putting the resulting functions u(a), v(a) in equations (22). 
A family of extremals 


(29) e=$(8,%), 2) 
is thus found, containing C,, for a= 0, and tangent to d when s = s( <2) from 
equations (28) and (26). The equations of the envelope d will then be 


(30) «= a], a], z=x[s(a), a]. 
If necessary the sign of the parameter a may be changed so that the factor m in 
equations (27) is positive. 

Consider then a family of extremals 


x= (s,u,v), y=(s,u,v), 


all of which pass through a fixed point, or which are all cut transversally by 
a given surface S, fors=0. Suppose that on a particular extremal C,, the 
determinant A vanishes at the point 2 different from zero, but that one at 
least of the determinants of the matrix (24) is different from zero at 2. Then 
the family of extremals has an enveloping surface D (see Fig. 1), which 


touches C 


1, at 2 and for which 2 is not a singular point. On the surface D 
there exists a unique curve d without singular point, which passes through the 
point 2 and envelops a one-parameter family of extremals containing the 


extremal 
§ 4. Jacobi’s necessary condition. 


By means of the one-parameter family of extremals and the enveloping curve 
d, found in the last section, it can be shown that an are C,, 


point 0 to another fixed point 1, or which joins 1 to a fixed surface S, and 


which joins a fixed 


which furthermore minimizes the integral J, can not have upon it a contact 


point 2 with the enveloping surface ). It will be seen that the value of the 
integral J taken along an extremal C,, of the set (19) or (22) from the value 
s = 0 to the value s(<) at the contact point 3 of C,, with d, and then along d,, 
from the point 3 to the point 2, is independent of the particular extremal chosen, 
i. e., it is independent of the value of the parameter a defining the extremal. 


In fact, the derivative of J(C,,) is 


| 
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1 3 3 
+ + +> F, Xa + bast Fy Vast Xax 


After integration by parts this takes the form 


1I(C,, is 


da da 


the integral part vanishing on account of the fact that the curve C,, is an 
extremal. The terms in the bracket vanish for s = 0 when all the extremals 
(19) pass through a fixed point 0, for then 


= $(0, 2), ¥=¥(9,2), %=x(9,¢), 


and consequently $,, ¥,, x, vanish for s=0. They also cancel when the 
extremals are cut transversally by a surface S on account of equation (17), 
since in that case the equations 


v= (0, a), 2), z2=x(9, 2), 


represent a curve on the surface S which is transversal to the extremals (29). 
On account of (4) the resulting equation may be written in the form 


s) + (v. + ¥.) (x. + x.) F, | 


the arguments of the derivatives of being x, ¢,, x,- From equa- 
tions (30), therefore, 
LI (C,, 


da 


= + t+ F.2,|'; 


where x,, /,, Z, determine the direction of the curve d at the point 3. Since 
the positive tangent to d coincides with the positive tangent to C,,, we have 


( 


da 


(32) ) = Vas Yas z,)|°- 


This follows because from equations (3) and (27) the coefficient 7’, in equation 
(31) becomes 


The derivative of the integral /J(d,, ) is 


dJ( d,, 


da da 


(33) 


| 
\q 

{ 

| 

I 

| 


— 
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From equations (32) and (33) therefore, 


d 
da [J(C,) J(ds,) | = 0, 


from which the following generalization of KNEsER’s theorem in the plane is 
obtained : 

Suppose that an extremal C,, is contained in a one-parameter family of 
extremals, each of which passes through a fixed point 0 and which have an 
enveloping curve touching C,, at a point 2 (see Figure1). Then if 3 isa 
neighboring point to 2 on d, the value of J taken along C,, plus the value of 
J taken along d,, is always equal to the value of J taken along C,,. In 
other words 


J(C,;) + = J1(C,,). 


When the extremals are all cut transversally by a surface S, the same equa- 
tion is true if 0 is understood to denote the variable intersection of C,, with S. 

The envelope d,, can not satisfy Euler’s equations, for it was shown in § 1 
that but one solution of these equations passes through a given point in a given 
direction, and d,, would have to coincide, therefore, with the extremal C,,, in the 
neighborhood of the point 2. This contradicts the hypothesis that the point 2 
is the nearest point to 0 on the are C,,, for which A vanishes. It follows that 
the points 3 and 2 can always be joined by a curve d), such that 


J( Cis) + J(d;,) <J( 


Tf therefore an extremal C, minimizes or maximizes the integral J, it must 
ol ’ 
not have upon it a point 2 which is conjugate to the initial point 0.* 


§ 5. The necessary conditions of Weierstrass and Legendre. 


It has been shown in the preceding sections that if a curve C,, joins two fixed 
points, or a fixed surface with a fixed point, and minimizes the integral ./, it 
must be a solution of Euler’s equations and must satisfy Jacobi’s necessary con- 
dition. A further condition similar to the one discovered by LEGENDRE for a 
weak minimum, and extended by Weierstrass for the case of a strong mini- 
mum, must also be satisfied. 

Let us consider an extremal are C,,, 

x=2(t), y=y(t), z=2(t), 
and a curve V 
x(u), y=y(u), z2=2(u), 

* The theorem has been proved for conjugate points 2 at which not all of the determinants of 
the matrix (24) vanish with 4. By using the so-called second variation it can be shown that 
even without this restriction the point 2 must not lie between 0 and 1 on (),. The case where 
the point 2 coincides with 1 and all determinants of the matrix (24) vanish is an exceptional 


one, which has been discussed for problems in the plane but not for problems in space. 
Trans. Am. Math. Soc. 30 


i 
if 
q 
a 
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Fia. 2. 


intersecting C,, at a point 2. Through a point 3 on C,, near to 2, there can 
always be found a family of curves 
(34) x= f(t,u), y= q(t, u), z=h(t,u), 
containing C,, for w= u,, which furthermore pass through 3 for the parameter 
value ¢ = ¢, and intersect V for t=¢,. Analytically, then, 
S(t, u) =2(u), qg(t,,u)=y(u), h(t,, uv) =2z(u), 

=f(t,, u), = z, = h(t,, u). 


The sum J,, + J,, is now a function of the parameter w, whose derivative for 
u =u, can be readily caleulated. The derivative of -/,, is 


d 


du 


(35) 


Tin + FP, h., dt 


y 


te 
ts 
where the arguments of /’ and its derivatives are f, g, h, f,, 9,, h,. For 
u=u,, this becomes, by the usual integration by parts of the calculus of 
variations and with the help of the identities (35), 


9 


d.J. 

34 7 7 

| du | = Fx, + Fy, + ’ 

since C’,, is an extremal. Here the arguments «, y, z, x’, y’, z of the derivatives 

of F' refer to C,, since the curves (34) go over into C,, for u = u,, and ,, y,, 

z, define the direction of V. The derivative of -/,, is simply 


2 


F( r Zz xr a » F 


The derivative of the sum /,, + J,, is therefore 


2 


d : 


where 
E= F(x, 2%, 2,5 %) (2, 2,2, y52) 
(317) 


— YF Ys — 2, Fy (x, y', 2). 


| 

{ | 

2 1 

Vv Cos 

= 
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From equation (36) the following theorem similar to that of WrrERsTRAss for 
the plane case, can be derived. 


If the are C 


|, furnishes J a strong minimum, the function E must be = 0 


for any set of values x, y, 2, x, y', 2 on C,, and for all directions x,, y,,, %,3 
while if C,, furnishes only a weak minimum, the E-function must similarly 
be = 0 at least for directions x,, y,, z, in some neighborhood of the directions 
on C,. (Fora marimum E must be = 90.) 

The theorem is evidently true, for if the Z-function were negative at a point 
2 for some direction x,, y,, z,, then on account of equation (36) the inequality 


would hold for values of wu sufficiently near to w,. 
On account of the homogeneity of the function /’, the expression (87) may 
be written in the form 


t 


Ff, —(2,-2)F, 


the arguments of the second derivatives of /’ being 
L,Y, 2%, + Hy —y), + 


We can derive therefore the following Legendre condition : 
If the extremal are C,, furnishes either a strong or a weak minimum, the 
quadratic form 


(39) P+ + + WF, + 


must be = 0 for all values of x, y, 2, x’, y’, % on the are C,,, and for all values 
of 

For if &, 7, were a set of values making @ negative at some point of C,,, 
the values x,, y,, z, could be taken so that 


, , 
=e, y 


u 


and for a sufficiently small ¢ the expression (38) would also be negative. 
These necessary conditions may also be stated in terms of the functions F,,, 
Fiz, Fy, Fy,. From (89) and the equations (6) it follows that /’, can not 
be negative. For in that case the binary form obtained from Q by putting 
& = 0, for example, would be an indefinite form. The derivatives F’,,,, Boys 


F’,,, if different from zero, must have the same sign as that of Q, as is easily 


LAN 


/ 
| 
1 
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seen by putting 7 = €=0in(39). Conversely if 7, > 0,and Fy, 


are not all zero, the identities 
Q= + FLAY + F,, 
(40) F’,,Q = + Ff)? + 


ye 


FQ [ Pn + + (2'n yt)’ F,, 


which are easily verified, show that such of the quantities Q, 
as are different from zero have the same sign at all points of the extremal C,,, 
whatever be the values of &, 7, €. 

It should be noticed that when F’, > 0 the derivative 7’, vanishes when and 
only when 7 = z’ = 0, that is, in the direction of the x-axis. That it is zero for 
these arguments is seen from (5) since # + 0. But from (6) it follows that 2/ 
and z’ must vanish with since 7, >0. Furthermore F’,,, cannot assume 
opposite signs, since it is possible to pass continuously from one set of values 
(x, y, 2, 2, y', #7) to any other without passing through values for which 
y =z =0. The Legendre necessary condition may be restated, then, in the 
following form : 

If for a regular problem ( F’, + 0) the extremal C,, furnishes either a max- 
imum or a minimum for the integral J, F, must be positive. Furthermore 
the functions F,,, F’,,,, F',, which vanish only in the direction of the x,y, 
and z-axes, respectively, must be positive for a minimum and negative for a 


maximum. 
$6. The invariant integral. Sufficient conditions. 


In § 3 it was shown that an extremal are which does not contain a conjugate 
point 2 to 0, either between 0 and 1 or at 1, can be imbedded in a two-param- 
eter family of extremals through a point 3 near to 0, whose determinant A does 
not vanish anywhere on C,,. Consider either this family or the family (22) to 
which the surface S is transversal. Suppose that the extremal C’ corresponds 
to the values «= u,,v=v,, and that the determinant A(s, u,, v,) does not 
vanish for any point of the are C,,, i. e., that the enveloping surface D does not 
touch the are C,,. Then the set of extremals forms a field about the extremal 
C. A positive constant 6 may be chosen so small that the extremals of the 
set for which |~ — u,| = 6, |v—v,| = 8 sweep out a portion of space which 
contains C in its interior, and through each point of which there passes one and 
only one extremal of the set. The constant 6 can be so restricted that in this 
field the determinant A does not vanish, and the equations 


(41) $(8,u,v)=2, W(s,u,v)=y, X(S,u,v)=2 


have unique solutions 


| 

| 

| 
= 
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(42) $= 38(7,y,2), u=u(r,y,2), V=v(r, y,2) 
of class C’.* 

Consider a curve A 

(43) y=9(t), 2=2(t) 


of class D’, which lies entirely in the field. By means of equations (42) and 
(43) uw and v are determined as functions of ¢. If these functions be substituted 
in the equations (41) there results a one-parameter family of extremals, 


(44) 2=@(s,t), y=WV(s,t), 2=X(s,t), 


having as parameter of the family the parameter ¢ of the curve A. For s=0 
these extremals all pass through the point 3 or else intersect the surface S, 
which is transversal to all the extremals of the set (41) along a curve /. 


Fia. 3. 


The value of the integral J, carried along an extremal of the set (44) from 
the point 3 where s = 0 to its point of intersection 4 with A, is a function of ¢, 
the parameter of the set. Using the same reasoning as that of the preceding 
section, the derivative of this function is found to be 


dJ, 


The value of the second member vanishes at the lower limit 3, since all the 


* The proof of these statements may be made by a method analogous to that given by Boza 
for the case of the plane: Lectures on the Calculus of Variations, Chicago, 1904, § 34. 


| 
| 
K 
| 
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extremals of the set pass through a fixed point 3 or else are cut transversally 
by the curve &. The arguments of the derivatives of F’ are the functions 
®, V, X, &’, VW’, X’ at the point 4 on A, or what is the same thing, the values 
of d6,v,x,%, v, x with s, uw, v expressed as functions of ¢ from equations 
(42) and (43). Let ¢, be the value of ¢ which gives the extremal connecting 3 
with 4, and ¢, the value giving the extremal which connects a point 5 of & with 
the point 6 of A’, and let the above equation be integrated from ¢ = ¢, to t = ¢,. 
Then 

Ig—Iy=[ at, 
“ns 

Now the first member of this equation is entirely independent of the form of 
the curve A. It follows that this is true of the second member also, in other 
words: The value of the integral 


+ + } dt, 


taken along a curve K in the field, is independent of the path K, and depends 
only on the endpoints. The derivatives of F’ are here thought of as functions 
of x, y, z by means of (42). The integral has the further properties that 

“= 0 if the curve K is at each point transversal to the extremal of the field, 
and that J* reduces to J if K is an extremal. These properties follow easily 
from equations (17) and (4). 

The integral J* is the generalization of Hilbert’s invariant integral. It is 
useful in comparing the value J(C,,) taken along the extremal C’ with the 
value of J taken along any other curve C 


y=J(t), 2=2(t) 


which joins the fixed point 0, or a point 0’ of the surface S, with the fixed point 
1. For the case of the transversal surface S, let /,,, be any curve which lies 
entirely on S and in the field, and which joins 0 with 0’. This curve is trans- 
versal to the extremals of the field. -Then from the properties of the integral J", 


) Cy) — 


(Cy, 
J(Cy,) J*(Cy,). 


Hence by making use of the #-function defined in equation (37), it follows that 


Con 


| 

i 

| 

| 
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where ¢’, y’, y’ are thought of as functions of x, y, z as explained above. Evi- 
dently if = 0 along the curve C, then 
J( Cy) = (Cy, 
The same conclusion holds when C passes through two fixed points 0 and 1. 
By a method similar to that used in §5 applied to the expression (38), the 
E-function can be expressed in any one of three forms similar to those in (40). 
The first of these is 


Now the Legendre condition of §5 is supposed to be satisfied, i. e., > 90, 
while are not negative and vanish only in the codrdinate direc- 
tions respectively. 

It follows for a regular problem, in which Legendre’s necessary condition 
for a minimum is satisfied, that the Weierstrass E-function (37) is never nega- 
tive, and is equal to zero only when x, :y,:2%,=aiy':2%.* 

Hence in the field of extremals under consideration the Z-function vanishes 
only when the direction of the comparison curve C at the point x, y, z coincides 
with the direction of the extremal of the field which passes through that point. 


Therefore from (45) _ 
> 


unless the direction of C,,, coincides at every point with the direction of the 
extremal of the field through that point. But this can occur only when C,,, coin- 
cides throughout its entire extent with the extremal C,,. For along the curve 
C,,, the parameters u and v are functions of ¢ whose derivatives, from equations 


(42), are 


du 
= ut UZ 
dt + + 
dv 
U_Z. 
dt + + 


Since w and v are constant along any one of the extremals of the field, the values 
of these derivatives are zero when the direction («’, 7’, 2’) coincides with that of 
one of the extremals. Hence if the direction of C,,, always coincides with the 
direction of some extremal, the second members of the above equations vanish 
identically, and along c. the values of w and v must be constant. In other 
words, C..., must be an’extremal, and since it passes through the point 1 it must 
be the extremal C,,, itself. These results may be summarized in the following 
theorem. 


* The expression (37) shows that Z vanishes when the directions x. : yu : 2. and x’ :¥/:2’ have 
the same sense, but not necessarily when they are opposite. 


| 
4 
| 
| 
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An extremal are C,, joins two fixed points 0 and 1, or joins 1 to a surface 

S which cuts C,, transversally. For a regular problem ( F’, + 0) the integral 
J will be minimized by this are in either case provided that Legendre’s neces- 
sary condition for a minimum is satisfied along C,,, and that C,, has upon it 
no point conjugate to the fixed end-point 0 in the former case, or to the surface 


S in the latter. 


§7. Necessary conditions when one end point is variable on a curve. 


The results of the preceding sections apply with some modifications to the 
case where the end point 0 may vary on a given curve L, 


(L) e=a(u), y=y(u), 


instead of on a surface. 

The curve C,, which minimizes the integral J with respect to other curves 
joining the curve Z with the fixed point 1 must in the first place be an extremal 
which is cut by Z transversally, i. e., at the point of intersection 0 of C,, with 
L, the equation 

+m +n, =9 
must be satisfied, where 7,, m,, , are the values of the direction cosines /, m,n 
of Z at the point 0, and the arguments of F,, F’,, F’, are the values of x, y, 
z, y’, on the extremal at this point. 

The extremal C,,, cut transversally by Z at 0, may be imbedded in a two- 

parameter family of extremals, all cut transversally by 1. The equations 
42" =1, 
(46) 
+mF,+nF,=9, 


have by hypothesis the solution which is given by the values of 2’, 
z on at the point 0. Let (a, 8,7), (A, v) denote the direction cosines 
of the principal normal and binormal respectively along Z. Let v be a variable 


such that 
acosv+Asinv=a(u,v), ycosv+vsinv=c(u, v) 


are the direction cosines of the perpendicular to (2’, y’, z’) and to (1, m,n). 
Then 
(47) 


The three equations (46) and (47) can now be solved for 2’, y’, z’ as functions 
of v and of the parameter w of the curve Z, in the neighborhood of the values 
u,, v, Which correspond to the point 0 and the direction of the extremal C,,. 
The functional determinant of the left members of the equations with respect to 


, , 
18 


| 

| 

| 
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2,/ 22’ 
LF’ + +nF',, +m Fy +nF,, LF, +mF,,4+nF,,'. 
a b c 


Let 6 be the angle between (2’, y’, and (/, m,n). Since these directions 
are perpendicular to the direction (a, 5, c) it follows that 


(48) ny’ —mz =asin@, lz’ — na’ = bsin 0, mx’ — ly’ =c sin 0. 


The value of sin 6 cannot be zero, for, if it were, / would vanish on account of 
the second equation of (46) and (4), and /’ has been assumed different from 


x 


Fia. 4. 


zero. The value of the above functional determinant, when calculated by the 
aid of (48) is twice the quadratic form 


Q(l,m,n)=PF,,+ + + 2mnF + 2nl + 2lmF,,, 


divided by sin @. This form vanishes only when the directions (7, m,n) and 
(a’, y’, 2) coincide, or are opposite, i. e., only when sin 6 = 0, and this cannot 
happen, as was seen above. 

If the values x(u), y(u), z(u) along the curve L, and the functions 
(u,v), y (u,v), 2 (u,v) determined as above from equations (46), (47) are 


substituted for 2, Yys % > Xs Yous % im the equations of the extremals (14), a 


family of extremals 


(8,u,v), u,v), u,v) 


| 
a 
S 
fous 
a, B,Y,) 
(Au, 


462 M. MASON AND G. A. BLISS: SPACE CURVES | October 


is determined, each of which is cut transversally by the curve L. The 
extremal C,, 


The value of the determinant 


is represented for the particular parameter values u,, v,. 
/ 0? “oO 


% % 
Xe Xe Xe 


is in this case equal to zero at the point of intersection of Z and C,,, since for 
s = 0 the functions ¢, y, yx are identically equal to x(w), y(w), z(w), and the 
derivatives ¢,, W,, x, all vanish identically. But the value s = 0 is an isolated 
zero of A, whatever the values of wu and v, for it can be shown that the deriva- 
tive A, does not vanish when s= 0. In fact the value of A, for s = 0 is 


or, on account of (48), 
A, = sind + +210). 
Now equation (47) holds identically in v, so that on differentiating (47) with 


respect to v the third factor in the above equation is seen from the expressions 
for a(u,v), b( u,v), e(u, v) to be equal to 


and from the figure it follows that this is equal to —sin@. The value of A, 
for s = 0 is therefore 


A, = — sin’ + + 


Since (2’, y’, 2’) can never coincide with (7, m,n), as was seen before, it fol- 
lows that A, is different from zero for s = 0, and consequently the value s = 0 
is an isolated zero of A(s, u,v). 

Consider now the extremal C,, of the family, corresponding to vu = u,,v=2v,, 
which intersects Z at 0 and passes through the point 1. There will be an are 


of C 


ol 
A vanishes while one at least of the determinants of the matrix (24) is different 


from zero, at some point other than 0 on C,,, 


A(s,u,v)=9 


in the neighborhood of the point 0 along which A does not vanish. If 


then the equation 


defines an enveloping surface D for the extremals of the family. Exactly as in 
§ 8 a one-parameter family can be selected which has an enveloping curve d on 
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D, and an are joining Z to the point 1 can be found which gives to the inte- 
gral J a smaller value than is given by C,,. 

The following are therefore necessary conditions for a minimum with respect 
to curves joining a fixed curve L with a fired point 1 when the problem at 
hand is a regular one. The minimizing arc must be an extremal C,, which is 
cut transversally by the curve L at the intersection point 0 of L with C,. 
The function 


1 
not be negative along C, Finally the envelope of the family of extremals 


to which L is transversal must not touch the are C,,.* 


must be positive, and the functions F,,, F,,, Fp, must 


§ 8. Determination of a field of extremals to which a curve is transversal. 


The construction of a field for the case of an endpoint variable on a curve is 
somewhat more complicated than for the case of an endpoint variable on a sur- 
face. It has been shown that an extremal C,, to which Z is transversal can be 
imbedded in a two-parameter family of neighboring extremals all cut trans- 
versally by LZ. These extremals were obtained by applying theorems on 
implicit functions to equations (46), (47), and consequently not only cut Z at 
points in the neighborhood of the point 0, but have initial directions at their 
intersections with Z which must be near to the direction of C,, at the point 0. 
In order to construct a field entirely surrounding Z in the neighborhood of the 
point 0 it will be shown that the family can be extended to include extremals 
whose directions are not thus restricted, that is, that equations (46), (47) have 
unique solutions for all values of w near uw, and all values of v between 0 and 
27, and furthermore that these solutions are periodic in v with period 27. 

In the first place, in any plane through a point x, y, z and containing the 
direction (/, m, n) there are at most two directions (2, y', 2) to which (/, m, n) 
is transversal. For let (a), y,,z,) be one such direction. Then any other 


direction in the plane has the direction cosines 
x, cos sin 0, y, cos msin 0, z, cos + nsin @. 


The expression 


nF, 
with these arguments in has the derivative 


rer + ry + + yer + YOR yy + % 


This derivative vanishes when @ = 7/2 or 37/2 on account of equations (5). 


*The exceptional case where the envelope has a singular point needs, as before, further 
consideration. 
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For other values of 6 the expression takes the following form, obtained by sub- 
stituting the values of x,, y,, z, and using equations (5) : 

d® 7 7 

do = O( PF. + + 2nlF’,, + 2lmF’,,,)- 
On account of the properties of this quadratic form, as shown in § 5, it is seen 
that the function ®(@) is zero for @ = 0, 27 and has a derivative which changes 
sign only when 0 = 7/2, 37/2. Consequently, since ® is periodic, it vanishes 
once between 6 = 7/2 and @ = 37/2 and has no other zeros except 6=0, 27. 
Hence in the plane through the point (2, y, z) and containing the directions 
(7, m,n) and (x, there is but one other direction besides (2), 2; ) 
to which (/, m, ”) is transversal, and that direction lies on the opposite side of 
the line (7, m, n) from 2)- 

With these results in mind it is evident from the theory of implicit functions 
that the solutions 2’, ’, z’ of the equations (46) and (47), for a constant value of 
u,can be extended step by step over the whole interval from v, to v, + 27. 
For if this were not the case, and an upper bound V < v, + 27 for the exten- 
sion existed, then the solutions 2’, y’, z’ would have at least one set of limiting 
values Y’, 3”, Z’ as v approached V. But any set of limiting values must be 
a solution of the equations, and since there can be but one solution in the half 
plane corresponding to v = V, it follows that X’, Y’, Z’ form the only set. 
The solutions could therefore be extended beyond the value v = V, which is 
contrary to assumption concerning V. It is furthermore evident that the values 
of a’, y', z for v =v, + 27 coincide with the values x}, These results 
may be stated in the following theorem : 

If a fixed line through the point (x,y,z) in the direction (l,m, n) is 
transversal to a single line (x,, y,, z,) through this point, then each half 
plane through the line (1, m,n) contains one and only one line (x’, y’, 2’) to 
which (1, m,n) is transversal at (a,y,2). The direction cosines of these 
lines are given by functions x(v), y(v), z(v) of class C’, where v is the angle 
which determines the position of the half plane.* 

Since for any particular value of w in the neighborhood of wu, the equations 
(46), (47) have a unique solution for each value of v in the interval (v,, v,+27), 
it follows immediately from the theory of implicit functions that the totality of 
solutions a(u,v), y(u,v), z(u,v) so defined are functions of uw and v of 
class C”. 


* It follows readily that any surface element through a point (x, y,z) is transversal to at most one 
direction on each side of the element. Suppose there were two directions on the same side of a sur- 
face element E to which £ is transversal at the point P. Then every line in Z through P would 
be transversal to the two directions, in particular the line LZ common to E and to the plane deter- 
mined by the two directions. But this would contradict the theorem proved above, since the 
two directions would lie in the same half plane through L. 
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There exists, therefore, a two-parameter family of extremals 


x= (8,u,v), y=v(s,u,v), z= y(s,u,v), 


each cut transversally for s = 0 by the curve L, where the functions x 
are defined in a region 


0=s=S8, lu—u,|=8, 0Sv=27, 


and are periodic in v with the period 27. 

It is readily seen from the properties of the solutions of the Euler equations 
that the function ¢, and similarly for y and yx, is continuous together with all 
its first derivatives and all its second derivatives that are formed by differ- 
entiating ¢, with respect to s, uw, or v. 


§ 9. Sufficient conditions when one end point is variable on a curve. 


Consider a region in space containing in its interior the are C,, to which the 
curve J, is transversal at the point 0. This region may be restricted in the 
first place, so that through any point of it not on J there passes one and but 
one of the extremals determined in the preceding section, to which J is trans- 
versal at points in the neighboring of the point 0; and, in the second place, so 
that the determinant A is different from zero for values of s, uw, v correspond- 
ing to points in the field.* The equations 


(49) $(s,u,v)=2, W(s,u,v)=y, 
have a unique solution 
(50) 8(2,Y¥,2), u=u(r,y,2), v=v(2, y, 2) 


of class C”, for all values of x, y, z in the field except those which define a point 
on L. The reasoning of § 6 now shows that the value of the integral 


(2 +yF, + 2F,,)dt 
taken along a curve A of class D’ 


(51) w=5(t), y=y(t), 2=2(t) 

which lies entirely in the field and has no point in common with LZ, depends 
only on the end points, and not at all on the form of the curve AX. The deriv- 
atives of F’ are considered as functions of x, y, and z by means of equations 
(49), (50), and of ¢ by (51). The integrand of J*, thought of as a function 
of «x,y, z,%', 7,2, is not defined for points on the curve Z since the func- 
tion v is itself not defined for these points. The integral /* has however a defi- 


* The proof of the existence of such a field has been made by the writers and will be sub- 
mitted to the Transactions for publication in the near future. 
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nite value when taken along a curve which has a finite number of points in com- 
mon with Z, since the integrand is limited and the only possible discontinuities 
are at the intersections with Z. Let the value of J* be defined as zero when 
K coincides with a portion of Z. Then it may readily be seen that the integral 
is independent of the path for all curves which lie in the field, including those 
which intersect Z or have an are in common with Z. 

For let A and A, be two curves joining the same two points, where A’, has 
no point in common with Z. Suppose in the first place that A’ intersects J at 
a point P but has no other point in common with Z. Let A’ be a curve which 
has no point in common with Z and which coincides with A’ except along an are 
which includes the point P. Then J*( A’) = J*( K,), and since by taking AT 
near enough to A’ the value of J*( A’) may be made to differ from J*( A’) by 
an arbitrarily small amount, it follows also that J*(A’)=J*(K,). Suppose 
now that A’ has an are A,, which coincides with 1. Then by definition 
J*(K,,)=0. Let A’, be a curve in the field which joins 5 to 6 but has no 
other points in common with Z. Recalling the meaning of -/* as derived in § 5, 
it is seen that J*(A’,,) =0. In fact J*( K’,,) is equal to the difference in the 
values of the integral J when taken along extremals of the set from Z to 5 and 
from Z to 6, and both of these are zero, since 5 and 6 lie on ZL. Then the 
portion of A which coincides with L may be replaced by the curve A,,,, which 
has only its end points on LZ, without altering the value of J*(A’). It fol- 
lows from the case above considered that J*( A’) =J*(A,). From the pre- 
ceding argument it is seen that, at /east for curves in the field which have a 
finite number of intersections or arcs in common with L, the integral J* is 
independent of the path. 

Let C,,, be any curve of class D’ joining a point 0‘ of the curve Z to the 
fixed point 1 and lying entirely in the field. Then, exactly as in § 6, the 
equation 

J( Cy.) — J( Cy) E(x, xs y's z)dt 
Je, 
is derived by means of the invariant integral J*. As has been seen before, this 
integral is always positive unless the comparison curve C,,, coincides through- 
out with C, 

Let C,, be an are of an extremal which joins a fixed curve L to a fixed point 
1, and which is cut transversally by the curve L at the point 9. Further- 
more suppose that Legendre’s condition for a minimum is satisfied along C,,. 
If then the determinant A(s,u,v), for the set of extremals to which L is 
this arc will minimize the 


,» and the following theorem may be stated : 


transversal, vanishes only at the point 0 on C,,, 


integral J with respect to curves joining L with the point 1. 


* 


THE SECOND DERIVATIVES OF THE EXTREMAL-INTEGRAL* 


BY 


ARNOLD DRESDEN 


Introduction. 


Suppose that an extremal has been found for the problem of minimizing the 
integral + 


(1) F(x, y, x,y 


which passes through the points A,(a,, and A,(a,,,), along which > 0, 
and for which A, and A, are not conjugate points. Then it may be shown as 
in § 1 below that if P,(2,, y,) and P,(x,, y,) are taken in a sufficiently small 
vicinity of A, and A, respectively, a unique extremal © can be constructed 
passing through P, and P,,{ along which /’,> 0 and for which P, and P, 
are not conjugate points. The integral (1) taken along P, P,, becomes a single- 
ralued function of x,, y,, 7, and y,, uniquely defined for sufficiently small values 
of |x,—a,|,|y,—95,|, |w,—a,| and |y, — b,|, which we denote by 


This function, commonly called the “ extremal-integral,” is identical with Hamil- 
ton’s principal function. If the original extremal A, A, actually furnishes 
a minimum for (1), then (2) must be a minimum in the ordinary sense for 
2, =4,,y,=5,,%,=a4,, y,=b,. We are thus enabled to derive necessary 
conditions for a minimum of (1) by a discussion of (2) and its derivatives with 
respect to x,, y,, , and y,.§ 

The first derivatives of the function 3 were given by HAMILTON in 1835. || 


* Presented to the Society September 11, 1908. Received for publication June 15, 1908. 

t The function F and the extremals are restricted by homogeneity and continuity conditions, 
for an explicit statement of which we refer the reader to BOLZA, Vorlesungen tiber Variationsrech- 
nung (Leipzig, Teubner, 1908), pp. 193, 194. For terms and notations current in the Calculus 
of Variations and used here without explanation we refer to the same source. 

t Compare BouZA, loc. cit., § 37a. 

? This method of the Calculus of Variations, frequently called the ‘‘ method of differentia- 
tion,’’ was suggested by DIENGER in 1867. For further bibliographical reference see BoLza, 
loc. cit., § 38. 

|| Philosophical Transactions of the Royal Society of London, 1835, part I, 


p. 99. 
467 


q 
- 


468 A. DRESDEN: SECOND DERIVATIVES [October 


The object of the present paper is to obtain explicit expressions for the 
second derivatives of the extremal-integral* (§1-§4), by means of which a 
simple determination of conjugate and focal points will be possible. In §5 
we treat by this method the problem of minimizing the integral (1) when one 
end-point is movable along a fixed curve, and in §6 the same problem when 
both end-points are movable. Thus new proofs are given of the theorems first 
proved by Buiss.+ In $7 the same method is applied to the discussion of con- 
jugate points on discontinuous solutions, previously investigated by CARATHE- 
opory { and Bouza.§ The results arrived at are in appearance in direct con- 
tradiction with theirs. The discussion of this contradiction appears in § 8, 
where it is shown by means of a relation between the Weierstrass /-fuaction 
and Caratheodory’s invariant ©,, that the case in which the contradiction 
occurred cannot arise. 


$1. Construction of an extremal through two given points.|| 


We take Euler’s differential equation, written by Biiss{] in the following 
form : 


(3) 


Denoting by 


dee 6, oY sin 6, 3° 
F,( Va" + y”) 


X(s—s,; 
(4) y=9(8— 8,3 4), 
0=O(s—s8,; 9;), 
that particular solution of (3) which satisfies the initial conditions 
yr y,, O =O, 
at s= s,, we solve the system 


for s, and @, as functions of x,, y,, x, and y,, the value s, being chosen arbi- 
trarily. This is always possible, according to the well-known theory of implicit 


*In the Sichsische Berichte, 1883-1884, part II, p. 99, A. MAYER has used a similar 
method for the problem of variable end-points. 

+See Transactions of the American Mathematical Society, vol. 3 (1902), p. 136, 
and Mathematische Annalen, vol. 58 (1903), p. 70. 

t Dissertation, Géttingen, 1904, p. 31, and Mathematische Annalen, vol. 62 (1906), 
p. 449. 

2 Vorlesungen, chap. VIII, and American Journal of Mathematics, vol. 30 (1908), 
p. 209. 

|| Compare Bouza, Vorlesungen, § 37a). For notation, ibid., § 27). 

{ Transactions of the American Mathematical Society, vol. 7 (1906), p. 188. 
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functions, if A, and A, are not conjugate.* When s, and @, are so determined, 
the functions 
w= X(8— 8,3 =xr(s), 
(6) y=Y(s— 8,3 %, =y(s), 
= — $15 6.) 
represent the required extremal ©, and we have + 


(7) X(0; 2, y%,9)=27,, x,y, 9,)=y,, O(9; 
X(8,—8, 5 Yys Y(8.—8,3 Ys O(s,—8,3 


Further, we get from (3) and (7) the following useful identities : 


X,(0; y,, 9,) = cos Y.(0; 
X,(8,— 8,3 9,) = cos 8,, Y),(8,— 8,: y,, 9,) =sin 
(8) 25%. 9,)=1, 2, 4,.9,) = 9, 
X,, (93 =9, (9; 
25%, 9,) =9, Yo, (0; 2,5 


It follows from (4) that the extremal & may also be represented in the form 
w= X(8 — 8,3 =x(s), 
(9) Yoo =y(s), 
6 = O(s — 8,3 9), 
from which we can derive formulas analogous to (7) and (8) and obtainable 
from them by interchange of the subscripts 1 and 2.¢ It is evident that the 
functions «(s) and y(s) as defined by (6) on the one hand, and by (9) on the 
other hand, are identical in the variable s for the range s, = s = s,. 


Whenever a distinction between these two forms of the extremal shall be 
necessary in the sequel, we shall use the following abbreviated notations : 


X(s— 8,3 y;,9,) = X'(s), 2). 
(10) Y(s— 8,5 9,) = 
cos 0. = p,, sin 0, = q,. 


*Compare C. JORDAN, Cours d’ Analyse, vol. 1, 2d ed., §92. The theorem is applicable 
because equations (5) are satisfied by the tangential angle of A, A, at A, and by the parameter 
value of A, on A, A,, if we substitute for z,, y,, and z,, y, the codrdinates of A, and A,, and 
because furthermore the Jacobian does not vanish if A, and A, are not conjugate (see also § 2 
and §4, and Bouza, loc. cit., p. 234). 

t The last of these equations is to be considered as defining @,. 

t It is to be observed that s, and 4,, used in (9), are not arbitrary, but are quantities defined by 
(5) and (7) respectively, whereas s, and ¢, following from them are identical with the quantities 
defined by these same symbols in (5). 


Trans. Am. Math. Soc. 32 
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§ 2. The extremal-integral. 


Along this extremal © we compute now the integral (1), which furnishes us 


the function (2) in two forms : 


We find then the first derivatives of the extremal-integral, 


0% 
Cx Yi> Pr> q,)s ox = Po» 
‘1 


which formule correspond to Hamilton’s first derivatives of the principal 
Sunction.* For the determination of the second derivatives of (2) we have 
first to determine 00,/0z, in which i =1, 2, and z is any one of the 4 variables 
Differentiating (5) with respect to x,, we obtain 


8, 
0 = (8) + (82) + (#2) 


~ 


0= ¥!(s,) Yi, (8) + Do, (%) 


Ox 
Similar equations are obtained by differentiating with respect to x,, y, and y,, 
and four more by interchange of subscripts and superscripts 1 and 2. All these 
equations are uniquely solvable + for 00,/0z, so that we obtain the following 


results : 


08, E,(s,) 00, 
On, u,(s,)” Or, u,,(8,)” 
08, (82) 08, 
(12) u, u,(8,)’ 
08, _ 06, E,(8,) 
Cx, u,(s,) Ox, u,(8,) 
06, _ 00, 8, ) 
Oy,  %,(8,)’ oy, (8,) 


* HAMILTON, loc. cit.; compare also BoLZA, loc. cit., § 37). 
t+ Compare with the first footnote on page 469. 
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where 

(13) = — X),(s) Di(s), (i=1, 2), 
u,(s) = 8) — 


§3. Particular solutions of Jacobi’s differential equation. 


The functions £., », and u, have the following properties : 
1) They are particular solutions of Jacobi’s differential equation for the 
extremal ©, 


the arguments of /’, and F’, being x(s), y(s), 2(s), y'(s). The proof of 
this statement can be given in precisely the same way as is usually followed for 
the proof of Jacobi’s theorem : * 

2) They satisfy the following conditions : 


4, 1:(8;) u,(s,)=9, (i=1,2), 
which follow from (18) by means of (3), (8) and interchange of subscripts 1 
and 2. 


For our further work we introduce now also those particular solutions v,(s ) 
of Jucobi’s equation which satisfy the conditions 


(14) 


(15) = 9. 


It is clear that u,(s), v,(s) and w,(s), v,(s) are linearly independent solutions 
of that equation,+ so that we can express &,(s), 7,(s) and &,(s), 7,(s) linearly 
in terms of u,(s), v,(s) and w,(s), v,(s) respectively.t We find, using (14) 
and (15), that 


(16) E.(s) = — y"(s8,)u,(s) — 9,0,(8), n;(8) = + p;¥,(8). 


Using (16), we can now transform (12) and we obtain the following formule 
which express the partial derivatives of the tangential angles of the extremal 
€ at P, and P, in terms of two sets of two linearly independent integrals of 
Jacobi's differential equation for that extremal : 


* Compare BouZA, loc. cit., 2 12b. 
{+ Compare C. JoRDAN, Cours d’ Analyse, 2d ed., vol. 3, § 122. 
t Ibid., § 119. 


d ,, dw 
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06, ” 08, 
Ox, =y (8) + u,(s,) ’ Ox, u,(8,)’ 
00, ” Pr v, (8,) 08, Pi 

(17) 
~ ’ => 8, a 22 ’ 
or, u,(s,) u, (8, ) 
06, Po 26, ” v, (8 1) 
Yo U, u,(8,) * 


$4. The second derivatives of the extremal-integral. 
We can now at once determine the second derivatives of (2) with respect to 
any two of the variables x,, y,, 7,, y,- Differentiating (11) and remembering 
that 


Op,_ _ oq, _ 99, 


we obtain the following 
TueoreM. The second derivatives of the extremal integral are given by the 
table 


5 ed od 
ar, ar, 
-L(4) 
192 1P2 
5 ( % ) ( 82) — F,(;) F(%) 8» 
| + 1) “tty ( ty ( 8 ) 
5 ) — N(s,) 
‘ L M (8) 
a] 492 142 
On. —F,(*) 92 8) 
“ wal ) ) F,(82) U,( ) F,(s2) %) 
al 
—F,(%) Fi(*) " (8, ) — F,(s, 8; ) 
( 8, ) u ) 


in which the functions F,, L, M, N have the same meaning as in the Weier- 
strass theory, and in which the functions u,(8), v,(8), u,(8) and v,(8) are 
defined by (14) and (15), and p,, 15 Pos Yq by (19). 

In order to show that these formule are independent of the order in which 
the two differentiations are performed, it is sufficient to prove 


F,(8,) 
u, u,(8 


(19) =0. 
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We know that u,(s,) = 90, and since P, and P, are not conjugate, that 
u,(s,)+0. Accordingly w,(s) and u,(s) are linearly independent solutions 
of Jacobi’s equation, which we now write in the form: 

@ w + 
Hence, by Abel’s theorem, * 


u,(s)u,(s)—u,(s)u,(s)= 
1(8)u, (8) 2(8) ) 
By applying (14) for i = 1 and i = 2, we obtain 
C C 
from which (19) follows immediately. 

We conclude this paragraph by establishing a relation between the functions 
u;,(s), v,(s) and the Weierstrassian function @(s, s,) which is in current use 
in the literature. If 3,(s) and #,(s) are any two linearly independent solu- 
tions of Jacobi’s equation, we have + 

@(s, 8,) = — (8). 
Hence 


O(s., 8,) 0, 


Writing now 
D(s) = — (8) 8,(8).F 
~ O(s, 8,) 
@O(s, s,) 
9 i 
(20) D(s,) v,(8)= D(s,) 


we have 

u,(s,;)=9, v,(8,)=1, 

“.(8,)=1, v.(s,)=9. 
The functions u,(s) and v,(s) being uniquely determined by (14) and (15), it 
follows that those defined in (20) are identical with them. 


* Compare STURM, Cours d’ Analyse, 12th edition, vol. 2, 2 609. 
t Compare BoLZa, loc. cit., p. 233. 
t Ibid. 
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$5. The case of one variable end-point. 


We suppose that we have found an extremal © which actually furnishes a 
minimum for (1) when the first end-point P, is movable along the fixed curve 
€ defined by the equations 


Fig. 1. 


the second end-point P, being fixed. If a point P is taken on © sufficiently 
near /?,, the construction of the unique extremal PP, can be carried out as 
described in § 1 and the extremal-integral can be computed along PP,. This 
extremal-integral becomes now a function of the parameter a of the point P, 


and must be a minimum for a=a,, if P,P, actually minimizes (1). Hence 
the necessary conditions for a minimum of (1) are in this case 


(21) J [a] = 0 
and 
(22 = 8, 


Making use of (11) and writing 


(4) 
VE" (a,)+7 (4,) V2" (a,)+y" (a,) 


(23) 
we find * 
— Pr Py Yio Pis U3 


this shows that (21) is nothing but the well-known transversality-condition. + 


* BOLZA, loc. cit., § 38. 
t Ibid., § 36. 


P 
1 
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Further, with the help of (18), 
3 = pi[—L(s,)+ (s, ) Z,(8,)] +2), 9,[—M )—p, q )Z,(8, )] 
+ GlL—N(s8,)+ pi 2, (82) = Fs, )s 


where 
and 
v,(8) 
24 = i=1,2). 
( ) u;( 8) 


Introducing further the abbreviations 


(25) A, pi L(s,) + 27,7, M(s,) + + F,(s,) + F,,(8,) 
B, F,(8,)(Pi% 


both A, and B, being constants depending upon the curve © and the point P,, 
we obtain the following formula : * 


[4] =—A4,+ 2, 2,(s8,)- 
A further necessary condition for a minimum is therefore 
A, + B, Z,(2,)= 0, 
or, since B, > 0,+ 
A 
Z,(8,)= 
We have defined by equation (24), 
_ 
ui (8) 
But u,(s) and v,(s) being linearly independent solutions of Jacobi’s equation, { 
we have by Abel’s theorem, § 


Hence 


k 
By means of (14) and (15) we find 


wu, (8,)%,(8,) — = —1. 


* Compare Boz, loc. cit., 739; BLiss, Transactions of the American Mathemat- 
ical Society, vol. 3 (1902), p. 136. 

t Leaving aside the case that © and © are tangent at P,. 

tSee 23. 

§ See the first footnote on p. 473. 


} 
Fy 
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Therefore 
k=— 
and 
F(: 

(26) (8) — 4 — 
Hence | 

n 1 - 


Further, it is evident that 
lim Z,(s) = + ©, 


and hence by Sturm’s theorem, * 


lim Z,(s) = — 0, 


s=s;—0 


(s) 


Fia. 2. 


s; being the parameter value of the conjugate point of P, on €.. We conclude 
that Z,(s) is a monotonic decreasing function, taking every real value once 
and but once, as s increases from s, to s,. Consequently there must be one 


real value of s between s, and s; for which 


Denoting this value by s;’, it follows from (27) that we must have 
(28) s, = 8”, 


in order that condition (22) may be fulfilled. 

Thus we have given a new proof for Bliss’s condition. B1iss+ has investi- 
gated the geometrical meaning of the point determined on € by s;’. The 
properties of this so-called focal point have also been discussed by Bouza.t{ 


* See StuRM, Cours d’ Analyse, 12th ed., vol. 2, no. 609. 
{ Transactions of the American Mathematical Society, vol. 3 (1902), p. 136. 
t Loc. cit., 


Z,(8) 
s)= 
: 
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§ 6. The case of two variable end-points. 


In the same manner we treat now the case in which both end-points P, and 


P,, are movable along two fixed curves, € and € respectively. Let these curves 
be represented by 


and 


vw=2x(b), (b Sb=b,), 
and let us suppose that we had found an extremal © actually furnishing a min- 
imum for (1). Then if P(a) and Q(b) are taken sufficiently near P, and P, 


Fic. 3. 


on © and & respectively, the unique extremal P@ can be constructed and the 
extremal-integral obtained now is a function of a and b, 


SL#(a), y(a), #(b), ¥(6)] = 
This function must be a minimum for a=a,, b =),, if P,P, actually min- 
imizes (1). 


The necessary conditions for ¥(a,, b,) to be a minimum are 


(29) 6] 9 
Oa ob 
(30) Le. + 2 J En + ] y= 0, 


0a 0b 
for all real values of & and ».* 


* See C. JORDAN, Cours d’ Analyse, 2d ed., vol. 1, 22 395-401. 


| 
P\ 
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As in § 5, equations (29) lead to the transversality-conditions 
Pris WP + Py (19 H) = 9s 
Py Yo Par V2) P2 + (#29 Yas Par U2) = 

p, and q, being defined by formule analogous to (23). 


Further, proceeding as in § 5, we find 


A, > B,Z,(8,), 


= A,— B.Z.(8,), 


31 
= F'(s,) 


Ca ob 


u,(8,) 
where the last two expressions are equivalent on account of (19); where also 
A,, B,, Z,(s) are defined by (25) and (24), and A,, B,, Z,(s) by analogous 
formulz, obtained from them by a change of index. 


* Condition (30) will be fulfilled if* 


F(8,) 


(32) 

and 

Ca* ob 

from which follows 

(32a) 

co 


As in § 5, the relation (32) leads at once to the inequality 
(28) 
In the same manner we could show that (32a) leads to the relation 


= &,, 
s; being defined by the equation : 
A, 
(34) Z,(8s)=p (s<s,). 


It can furthermore easily be shown that there is also a value of s beyond s,, 
for which (34) is fulfilled. This value we denote by s7. 

For the further discussion of (33) we introduce now s/ and s; by means of 
the relations 


A, = B,Z,(8;), A, = B,Z,(s;). 


* See C. JORDAN, ibid. 


| 
a2 4 
rar 


1908] OF THE EXTREMAL-INTEGRAL 479 


Then (31) becomes 


3, { Z,(8,) — 

(35) = Z,(s;) — Z,(s,)}, 


BB, 
(sax) Bg) 8, ) 


We desire to express the functions of s with subscript 2 in terms of those with 
subscript 1. For this purpose we write 

u,(s) u, (8) + a,U,(8), v,(8) = u,(s) a,,U, (8). 
Then using (14) and (15) we can determine «,, and we find by making use 
of (26), 
(82) 


1 
1(8,) 


u,(s)= { u,(8)v,(8,) — u,(8,)%,(8)}, 


(36) , 


v,(s)= — F(s,) ( (8,) — (8,)0,(8)}- 
Consequently 

u,(s}v,(s,) — (8, )v, (8) 


u,(8)v,(8,) w, (8,)v,(8)’ 


_ % (82) u,(s,) Z,(8,') 
v,(8,) — u, (8,) Z,( 8; 


Z,(8)= 
and in particular 


From (86) or from (19) it follows that 


F,(s, 
u,(s,)= — tat): 


We can also write 
B F,(8,) 
(8,) (82) | v, u,(8,) Z,(8,°) } 
Hence, since B,, B,, F’,(s,), #,(s,) are all > 0, the relation (33) becomes 
(82) {% (82) — 4, (82 )} 


Z,(8,') 9 
Z,(8,) 


=0 


or 


Since s;’ was by definition beyond s,, this leads, in view of the relation 
(27), to the condition 


8, <8); 
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a result which has previously been obtained by BLIss,* who also pointed out 
its geometrical interpretation. 


§ 7. Discontinuous solutions. 


We propose next to investigate under what conditions a curve which has a 
finite discontinuity in its slope, a so-called discontinuous solution, may minimize 
the integral (1). We suppose that we have a broken curve P, P,P, actually 
minimizing (1). We know then from the current theory that each one of its 
branches must be an extremal along which Legendre’s and Jacobi’s condi- 
tions for ordinary extremals must be satisfied.t Taking now a point P suffi- 
ciently near P,, we can construct uniquely the extremals P,P and PP,, the 
first one by identifying P with the point P, of § 1, the second one by identifying 


Fig. 4. 


P with the point P, of $1. Computing (1) along each of these extremals, we 
obtain the extremal-integral along the broken curve P, PP, as a function of 
the coordinates x, y of P: 


This function is to be a minimum for « = x,, y = y,, if P, P,P, is actually to 
furnish a minimum for (1). 
We suppose that P, P,P, is represented in the form 


y=y(s), 


IIA 
All 


IA 


e=2(s), y=y¥(s), 


*Mathematische Annalen, vol. 58 (1904), p. 74. 
t Compare BouzA, loc. cit., 2 48a. 


P 
P, 
y 
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and introduce the notation 
(8), ¥(s8)] =O(s), 7(8), (8), 7 (8) ]= G(s), 


¢ being any function of x, 7, 2’, y’, subject to the ordinary continuity-restrictions. 
In order to be able to apply the results of §§ 1-4, we must identify, through- 
out the discussion, P,, with P, of §1 when we consider P, as a point of P, P,, 
and P, with P, of § 1 when we consider P, as a point of P,P,. So, for 
instance, w,(s) goes over into u,(s), whereas w,(s) becomes u,(s), ete. 
With this agreement, we proceed to establish necessary conditions for a 
minimum of S{a#, y}. These necessary conditions are derived from the 


well-known relations 


(37) Yh _ Si% =0, 
Ox Oy 
and 

388 J0) 2 0 = 0d <= 
Ox? Ox01 + oy” 
which must hold for all real values of — and n. 

We obtain, by using (11), 

= F,(s,) — = 8) — 


Cy oy 
whence we conclude that (37) is identical with the Erdmann- Weierstrass 


corner condition. * 


Further, by using (18), the condition (38) becomes 
— + 2B, En + Cyn?) + F,(8,) (40 — 
— F,(8,) 25 — = 9. 


where 

A, = L(s,) — L(s,), B, = Ks,) - M(s,), C, = N(s,)— N(s,)- 
By means of the transformation 

(39) = — WE J's 


the above homogeneous quadratic form goes over into 


P,(8,)&" + 20, + B,(8,)n", 


where 


P,( 8) — Tf, F(8,) 82) ( Po% 
R,(8,) —T, F — Py)’: 


* Compare BouzA, loc. cit., 2 48). 


— 
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(40) 0, = Ay + 2By( + Pade) + 

T, = A, + 2B, + 

T, = A, pi + 2B, + 

In passing, we notice the relation 

(41) 03 = —(A,C, — 

Moreover the determinant p, 7, — p,q, of the system (39) is not zero if 
6,—0,+0 (mod 27), 


i. e., if there is a corner at P,. The conditions for a minimum may therefore 
be stated as follows : + 
I. Jf 2, = 9, necessary conditions are 


(42) P,(8,) =9, 
(43) R,(4,) = 0. 
Il. Tf 2, + 0, we have as necessary conditions 
(42a) P,(8,)>9, 
(44) P,(#,) — 03 = 0. 
Conditions (42a) and (44) have as a consequence 
(480) R,(4,)>0. 


I. Since Z,(s) is identical with Z,(s) of § 5, we conclude immediately that 
there exists between s, and 8), one and only one value 8° for which P,(s)=9,t 
and that a necessary condition for a minimum is 


(45) = 3’. 

The equation P,(s) = 9 satisfied by 8° can be written in the form 


F (8) — Po Go 
In the same manner, the relation (43) leads to the necessary condition 
(47) 8, 


* This function &, is the invariant, introduced by CARATHEODORY in a different form (see 
Dissertation, p. 31 and Mathematische Annalen, vol. 62 (1906), p. 473), to which the pres- 
ent one can be easily reduced by means of the relations between L, M, N and the derivatives of 
F, as well as the homogeneity properties of F. Compare Bouza, loc. cit., 749, and American 
Journal of Mathematics, vol. 30 (1908), pp. 212 and 214. 

+ Compare footnote on page 477. 

t The symbol 5 denotes the parameter value conjugate to s, on P,P,, i. e., the root of 
= 0 which follows next after s). 
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8° being defined by the equation 
— 
F (8) (Po Go — Po y 
The parameter values s* and 3° define points P* and P” on P, P, and P, P, 
respectively (see Fig. 4). Our result is, then, that the end-points of a minimizing 
“ broken extremal” must lie on the arc bounded by these two critical points.* 
II. In the first place, conditions (45) and (47) must be fulfilled in the 


stronger forms 


(45a) 8,< 8, 
and 
(47a) 8, 


Secondly, from the properties of Z,(s) and Z,(s) it follows that if we con- 
sider P, as fixed, a point P, is uniquely determined on P, P,; or if we consider 
P,, as fixed, a point P, is uniquely determined on P, P,,, by the relation 
(49) P,(8,) B,(8,) — 2) =9. 

Furthermore, in order to have (44) fulfilled, we must have 


(50) 8, =8,(or 8, = 8,), 


where 3,, and 3, are the parameter values of P, and P, respectively.t 
Summarizing, we obtain for this case the following 
Tueorem. Jf the inequality 


2, = Ay py Py + By( + + 9 


holds, then necessary conditions for a minimum of the integral (1) are 


8, > 8 and & = 8& < 8,3 
if = 9, it is necessary that 
ame and 8, = 3". 


1 2 
The relation (49) connecting s, with s, (and s, with s,) may be written in 
explicit form by means of (40) and (41). We find that 


A,C,— By + F,(8)( Apps + + OG) 
(49a) — F,(s,)(A, + 2B, p,q + OG) 
F,(8,) F, (8) (Po% — 4) Z,(3,) =. 


The relation occurs in this form in Bolza’s work.t 


* For the geometrical interpretation of these points, see BoLZA, loc. cit., 3 49a, and American 
Journal of Mathematics, vol. 30 (1908), p. 217; also CARATHEODORY, Dissertation, p. 31. 

+ For the geometrical interpretation of P, and P,, see ibid. 

t See the first footnote on p. 482. 


— 
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We see that the point P, plays the réle in the theory of discontinuous 
extremals which the conjugate point plays in the theory of continuous extremals. 
. For this reason /?, is called the conjugate point of P, on P, P,. 
In order to show that conditions (47a) and (50) have (45a) as their con- 
sequence, we must prove that 
(51) <8, <8, if 
Indicating the functional dependence of s, on s, by means of the equation 
$, = 8,(8, ); 
which is implicitly contained in (49a), we can easily show by means of (46) and 
(48) that 
8,( 8°) = 8, 8,(%,) = 8", 
and furthermore, by using (41) and (27), that 
_ (4) 98 
[ 8) )] ( 8) ) 


from which the inequalities (51) follow immediately. 


8, (8, ) 


§8. Contradiction with previous results. 


The theorem stated in the preceding paragraph is in direct contradiction 
with results previously obtained by CAkaATHEODORY * and Bouza,t who give 
sufficient conditions for a minimum, less restricting than the necessary condi- 
tions arrived at here. We shall briefly state the contradiction. 

According to BoLza any one of the combinations (Ala, B), (AIb, B), 
( AII, B) from the following set are sufficient conditions for a minimum : 


9 on € for s, =s=s,, 0+ 8, 

except possibly for s = s 6= 


B. 
7, 7)> 9 on € for s, =s=s,, 0+ 8, 


0? 


except possibly for s = s,, 9 = @,. 
On the other hand, we have found above the following necessary conditions : 


+0, P<P=P, P,<P,=P. 


* Dissertation, pp. 31 and 32, where no explicit conditions are stated, but the implication is 
made that P, need not always be the bound for minimizing extremals. 
t Vorlesungen, § 50. 
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It is evident that there is accord for QO, <0, but contradiction for Q,> 9. 
We investigate now the behavior of the /-function in the neighborhood of 


P.. We know that 


0 


y3 2.9) = Fe 7) — FF Ax, — y)- 


Writing 
E[x(s), y(s)3 # (8), cos 6, sin 


] 

E[w(s), y(s)3 (8), cos 6, sin = E(s; 6), 


y(s) 


we derive the equations 


E(s; 0)= (8s) + (s)— ds Py 


(8; )=2 (s)+y —4 ds 
But «#(s), y(s) and «(s), y(s) representing extremals, we have 
d d y d d y 


Hence, 
E.(s; 6) (s)-7'F,(s), 


and therefore 
49) Ad » Pia 
(52) (8); 6,)=,, 6,) = —,.T 
Further, CAaRATHEODORY ¢ has shown that the Erdmann-Weierstrass corner 


conditions are equivalent to 
(53) =, or 


We expand now /(s; @) by Taylor’s expansion at s=s,, 6 = @,, and find 
0) = 8,3; @,) + 1 + 1 8,3 9,) + 
(54) 
7 — 6, 
0) = E(s,3 1 2, + 1 (8,3 


* BOLZA, loc. cit., p. 243. 
t This is the second form of {2, , referred to in the first footnote on p. 482. 


t Dissertation, p. 8. 


Trans. Am. Math. Soc. 32 


(3,3 9,)=9, 
~ (8,5 =V, 0 
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It follows that if the corner conditions are fulfilled and 2,> 0 at the point 
8=8,, then E(s; 6) takes the sign of s — 8,, while E(s; 6) takes the sign of 
8, — 8, for small values of — 

Consequently, if 2, > 0, we have # <0 in a vicinity of P, on both P, P, 
and P,P,. This shows that the sufficient conditions Ala and Alb are 
incompatible with B. This removes the contradiction referred to above. 

By means of (54) we can give furthermore a simple proof of a theorem pre- 
viously proved by CARATHEODORY * : 

“If one follows a strong extremal © up to a point P., where it ceases to be 
strong, and if at P, the invariant 2, does not vanish (for some value 0 = @,),+ 
then there is another extremal © passing through P,,, which begins to be strong 
at P.. and which forms with © a discontinuous solution of the problem.” 

If € ceases to be strong at P,(s,), then we must have the two relations 


E(s;8)>0 for <8, (0=0S27, 049), 
E(s;8)<0 for s> 8), 


for at least one value of 6, say @,, different from @. From the continuity of 
E follows then 


(55) 


8,3 6,) 0. 
Hence by (54), 


E (8; 6) 


= 
2, + 1 ( 83 + 


— 8, 
1 
Supposing for the moment 2, < 0, we see that if (55) is to be fulfilled, Z must 
be of constant sign whenever s—s, keeps its sign.{ But putting @—0,=A(s—-s, ), 
we find 

from which it is evident that after the sign of s — s, is once fixed, Z can be 
made positive as well as negative by a proper choice of \, unless £;(s,; 6.) =90. 


Consequently, if all the hypotheses of the theorem are fulfilled, we may conclude 
that 


E(%38,)=0, 


This shows that the corner condition must be fulfilled at the point P, by the 
direction 0,._ By repeating with respect to # the above argument the second 
part of Caratheodory’s theorem may easily be proved. 

We shall defer to a later paper an example showing the application of the 
results of the last two sections. 


THE UNIVERSITY OF CHICAGO, 
June, 1908. 
*Mathematische Annalen, vol. 62 (1906), p. 473. 
+ The statement in parenthesis is mine. 
t This discussion is valid only for a neighborhooi of P,, a limitation which does not inter- 
fere however with our argument. 
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SETS OF METRICAL HYPOTHESES FOR GEOMETRY“ 
BY 
ROBERT L. MOORE 


In this paper is given a set of assumptions, C, concerning point, order t+ and 
congruence, which, together with a certain set of order assumptions O,{ a conti- 
nuity assumption A,{ and a very weak parallel assumption P,,{ are sufficient 
for the establishment of ordinary Euclidean geometry. Each assumption of 
this set is independent of all the remaining ones. Moreover congruence is here 
an independent symbol in the sense that it would be impossible § to prove that 
if the order assumptions O, A and P, are true, then there must exist a relation 
satisfying the congruence assumptions C' with reference to the points and order 
in terms of which O, A and P, are stated. According to VEBLEN || congru- 
ence would not, however, be thus independent if P, were replaced even by his 
still comparatively weak parallel assumption X1.{ 

If in this categorical set of assumptions there is substituted for A the assump- 
tion that every segment has a middle point,** and P, is replaced by the some- 
what stronger assumption P, ++ then follows tt a geometry §§ in which a theory 
of proportion holds and rigid motion is possible. 

Other alternative sets of assumptions are discussed. Among these an inter- 
esting set is that obtained by substituting for P, the postulate P, and for K a 
postulate J, which may be roughly stated as follows: “If B is within, and B’ 
without, any circle a, then each semicircle with B’ B as diameter must have a point 
in common with the cirele a.” |||| Each assumption in the set composed of P,, J, 
" * Presented to the Chicago section of the American Mathematical Society, in a somewhat dif- 
ferent form, April 22, 1905. Received for publication December 26, 1907. 

t It would be impossible (see Theorem 1 of § 12) to formulate two sets of assumptions, one 
set, C, being stated in terms of point and congruence alone, and the other, 0, being stated in 
terms of point and order alone, such that from O and C would follow a geometry, Euclidean with 
respect to the undefined symbols in terms of which O and C are stated. 

tO, Kand P, are all stated in terms of point and order. 

§ Cf. § 10. 

|| These Transactions, vol. 5 (1904), pp. 343-384. 

{{ Loc. cit. p. 346. 

** Cf. end of § 1 and first part of § 6. 

tt See § 6. 

tt Cf. Theorem 1 of § 6. 

§§ A geometry which is a consequence of this set of assumptions is a consequence of HIL- 


RERT’s Axiom-groups I-IV and conversely. 
ijl] Cf. § 7. 
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and the assumptions C and O is independent of the remaining ones, and more- 
over this set is sufficient for the establishment of a geometry in which not only 
is there a theory of proportion and rigid motion but also all ordinary rule and 
compasses constructions are possible. 

In this paper “ proof” is used to mean an indication of a demonstration. 
“ Hence,” “by,” “therefore,” etc., are intended as suggesting certain relations 
and not necessarily as describing exactly the logical dependence of one state- 
ment upon another. 

I wish to thank Professor E. H. Moore and Professor O. VEBLEN for sug- 
gestions and criticisms. Professor VEBLEN, who suggested the undertaking of 
this investigation, has not only made numerous suggestions and criticisms, but 
has given me much help in the way of actual collaboration. 


Assumptions for Euclidean geometry. 


O. VEBLEN’s order “axioms” I and IIT-X.* 

C. Assumptions concerning point and congruence, sometimes with reference 
to order, as follows: 

C,,. If B+ is different from C and A’ is different from B then there exists a 
point C’ such that A’B’C’t and BC= BC’.§ 

C,,. If B is different from C and A’ is different from B’ then there is not more 
than one point C’ such that A’B’C’ and BC= BC’. 

C,. If A is different from B, A’ is different from B’, A” is different from B’, 
AB=A'B and A'B’= A’ B’, then AB= A’ 

C,. If ABC, ABC’, AB=A’B and BC= BC’, then AC= A'C’. 

C,. If A, Band C are three non-collinear || points and A’, B’ and C’ are three 
non-collinear points and CAD, AB = A'B’,, BC= BC’,CA=C'A, 
CD=C'D, thn BD= BDA 

K. For the continuity assumption A may be taken either VEBLEN’s XI or a 
DEDEKIND cut assumption stated for the points of a single segment as follows : 
If there exists any segment then there exists some segment AB such that if it is 

* Loe. cit., pp. 344-346. From assumption C;, below it follows that if A and B are two dif- 
ferent points there is a point C different from B such that ABC. VEBLEN’s Axiom II may be 
Seen to be a consequence of this proposition and his Axioms I, III-VIII (cf. a paper presented 
by me to the American Mathematical Society on October 26, 1907, but not yet pub- 
lished). Thus Axiom II is redundant in the set composed of VEBLEN’s Axioms I-X together 
with my Axioms C. 

t Capital letters are used to designate points. 

t ABC used as a sentence means A, B and C are in the order ABC. 

§ BC as a simple word, unmodified by “‘line’’ or ‘‘ ray,’? means the segment BC, i. e., the set 
of all points X such that BXC. 

|| Cf. VEBLEN, loc. cit., p. 345. Instead of ‘‘ three non-collinear points ’’ one might, in stat- 
ing this assumption, use the phrase ‘‘ three points such that neither ABC, BCA, nor CAB.” 

Cf. VERONESE, Grundziige der Geometrie, pp. 254-260. C,and C, might be stated together 
in one assumption. 
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composed of two sets of points [M]* and [N], each set containing at least two 
points and no point X of either set being either the same as Y, or such that Y, XY, 
where Y, and Y, are points of the other set, then there exists a point C such that 
MCN for every M and N different from C. 

With the help of O, from either of these assumptions can be deduced a 
theorem to the effect that this DEDEKIND cut proposition must apply to every 
segment as well as to the segment AB (cf. VEBLEN, loc. cit., pages 368 and 
369). 

P,. If there exists any straight line and a point not on it then there exists some 
straight line a, and some point A, not on it, such that if a and A lie in a planet 
B then in the plane B there is not more than one straight line passing through 
A and having no point in common with a. 


§ 1. Consequences of O and C. 


On the basis of O and C we have the following propositions : 

Theorem 1, If A’ is a point and AB is a segment, then on each ray { start- 
ing from A’ there is one and only one point B’ such that AB = A’B. 

Proof. See C,, and C,,. 

Theorem 2. If ABC and C’ is on ray A’B’ and AB= A’B' and 
AC=A’'C’, then 

Proof. There is, according to C,, a point C” such that A’B’C” and 
BC= BC". Hence, by C,, AC = A’C”. But, according to hypothesis, 
AC=A’C’. Therefore, by C,,, C” is C’. But A’B’C”. 

Corollary. If B is on ray AC and B is on ray A’C” and AB = A’B and 
AC=A'C’, then BC= BC". 

Theorem 3.§ If A is distinct from B, then AB = AB. 

Proof. According to Theorem 1 there exists, on ray AB, a point B’ such 
that AB= AB. Again there exists, on ray AB, a point B” such that 
AB = AB". But, then, according to C,, AB = AB" and thus (see Theorem 
1) Bis B’. Hence AB =AB. Therefore AB=AB' and also AB=AB. 
But if B is not B’ then either ABB or ABB and thus, by Theorem 2, ABB’, 
which is impossible. So Bis B. But AB= AB. Hence AR= AB. 

Theorem 4. If AB=A'B, then A’R = AB. 

Proof. According to Theorem 1 there exists, on ray AB, a point B” such 
that A’B’ = AB’. So, by C,, Theorem 3 and Theorem 1, B” must be B. 
But = AB’. Thus AB = AB. 

" * The notation [ 17] is used to denote a set of elements any one of which may be called 17. 

+ Cf. VEBLEN, loc. cit., p. 345. 

{If A and B are two distinct points, then the set of all points [C ] such that either C is B, or 
ACB, or ABC, is called a ray or half line starting from A. Such a ray is called the ray AB. 


2 Cf. HILBERT’s IV, 1 (see page 12 of HILBERT’s The Foundations of Geometry, TOWNSEND’s 
translation). 
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Theorem 5.* If AB= A'B and AB = A’B’, then A’B = A’ B". 

Proof. This theorem is a logical consequence of Theorem 4 and C,. 

Theorem 6. If ABC and AC = A’C’, then there exists one and only one 
point B’ such that A’B’C’ and AB= A'B and BC= BC". 

Proof. According to Theorem 1 there is one and only one point B’ on ray 
A’C” such that AB= A’B’. According to Theorem 2 and its corollary, 
A'BC' and BC = BC". 

Definition 1. A’B’ << AB means: there exists a point P such that APB 
and A’B=AP. A’'B’>AB means AB< 

Theorem 7. If AB> A'B’, AB =CDand = C'D’, then CD>C'D. 

Proof. According to definition 1 there exists a point P such that APB and 
A'B’= AP. So, according to Theorem 6, there exists P’ such that CP’D 
and AP=CFP’. By C, it follows that A’B’=CP’. Therefore, by hypothesis 
and Theorem 5, C’D’= CP’. So CD>C’D,, according to Definition 1. 

Theorem 8. If A is different from B and A’ is different from B’, then, of the 
three statements AB= A'S’, AB> A’'B’, AB < A’B, one and only one is 
true. 

Theorem 9. If AB> A’B and A’B’> A” B’, then AB> 

Definition 2. AB + CD means the segment AZ, where £ is a point such 
that ABE and CD= BE. If AB> CD then AB — CD means the seg- 
ment AF where £ is a point such that BEA and CD= BE. 

Theorem 10. If AB= A'B’, CD=C'D, then AB + CD=A’BH+C'D. 
We have the following rules of combination: AB +CD=CD+ AB, 
(AB+CD)+ EF=AB+(CD+ EF), AB—CD= EF if and only if 
AB=CD + EF. 

A relation (called congruence) between anglest is introduced by the follow- 
ing definition : 

Definition ABC=x A’B’C’ means that there exist points D, D’, 
E, E’,on rays BA, BA’, BC, BC’ respectively, such that BD= BD, 
DE=DE', EB=E'R. 

Theorem 11. If XBAC=xXBAC', CA=C'A, then 
BC=BC.. 

Proof. By hypothesis and Definition 3 there exist on rays AB, AC, A’B, 
A’C’, points D, D’, respectively such that AD=A'D', DE=DE’, 
EA =E’'A’'. By Theorem 1 there exist points G, F”, G’, such that BAF, 


CAG, BAF’, CAG, AF=A'F’, AG=A'G. By hypotheses and C, 


it follows that LF’ = E£’F’ and therefore, by Theorem 2 and another applica- 
tion of C,,, it may be proved that PG = F’G’. Treating A, B, C, A’, BY, C’, 


*See HILBERT’s IV, 2, loc. cit., p. 12. 
+ An angle is a point together with two non-collinear rays which start from that point. 
Cf. VERONESE, loc. cit., p. 257. 
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with reference to A, G, A’, G’, F’ as A, G, A’, G’, were treated 
with reference to A, D, A’, D’, E’, one may prove that BC = BC". 

Theorem 12.* x ABC=x ABC. 

Proof. Use Definition 3 and Theorem 3. 

Theorem 13. ABC=Z ABC’, then ABC =HXABC. 

Proof. Use Definition 3 and Theorem 4. 

Theorem 14.4 If ABC’ and then 
4A’ BC’ =x 

Proof. Use Definition 3 and Theorems 11 and 5. 

Definition 4. Two angles are supplementary to (supplements of) each other 
if and only if they have a common vertex and one common side and their other 
sides form two rays of the same straight line. 

Two angles are vertical angles if and only if they have a common vertex and 
their four sides, together with this common vertex, make up two straight lines. 

Theorem 15. If 4 HAK =x H’A’K' then each angle that is supplementary 
to xX HAK = each angle that is supplementary to x H’A’K’, and the angle that 
is vertical to X HAK = the angle that is vertical to x H’A’A’. 

Proof. See Theorem 11 and proof thereof. 

Corollary. Vertical angles are congruent to each other. 

Definition 5. A ABC=AABC means: AB= BC=BC, 

Theorem 16. A ABC=A if ABS=A'PR, BC=BC’, CA=C'A. 

Proof. See Definitions 3 and 5, 

Theorem 17.8 QABCS=AABC' if ABS AB, BC=BC, and 

Proof. See Theorem 11 and Definitions 3 and 5. 

Theorem 18. If ABC =xXA'BC and Dis in|| ABC, then there exists 
a point D’ in x A’B’C’ suchthatxy ABD =x A'BD andy DBC. 

Definition 6. 24 BA'C’ <4 BAC means: there is a point, P, in x BAC 
such that x B’'A’C’=x BAP. A'C’>4 BACmeans: 

Theorem 19. Iff BAC>ZXBA'C', 4 DEF SF, 
then X DEF >xZXDE'F’. 

Theorem 20. If X BAC>ZXBA'C’ and x BAC’ B'A'C’, then 
4% BAC>x 

Theorem 21. If ABC isa A and AC= BC, then ¥ ABC=Z ACB. 

- *See HILBERT’s IV, 4, loc. cit., page 14. 

+See HILBER?’s IV, 5, loc. cit., page 14. A ABC (triangle ABC) means the three non- 
collinear points A, B, and C. 

t See VERONESE, loc. cit., page 254. 

§ See HILBERT’s, IV, 6, loc. cit., page 15. 

|| If A BC is an angle, the two rays, BA and BC, together with the vertex B, divide the plane 


ABC into two,regions. That one of these regions which contains points P such that APC is 
called the interior of YX ABC. Cf. VEBLEN, loc. cit., pp. 363-365. 
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Proof. Use Theorem 3 and Definition 3. 

Definition 7. “A middle point of the segment AB” means a point J/, on the 
straight line AB, such that AV = MB. 

Theorem 22. If M isa middle point of AB, then AWB. 

Proof. Use Definition 7 and C,,. 

Theorem 23. No segment has two middle points. 

Proof. Use Definition 1 and Theorems 22, 7 and 8. 

I do not know as yet whether from O and C it follows that every segment 
has one middle point. This proposition (statement) that every segment has a 
middle point will be denoted by the symbol J. 


§ 2. Two consequences of O, Cand M. 


In § 1 a number of propositions were deduced as consequences of O and C. 
In the present paragraph it will be shown that, if M is assumed in addition to O 
and C, then follow two propositions concerning angles. 

The symbol A, will be used to denote the proposition: Jf ABC, AB = BC, 
and D is not on the straight line AB, then there is, in the half-plane D — AB,* a 
point E such that AD = BE and BD = CE.+ 

The symbol A_, denotes the proposition : If C is not on the straight line AB, 
then, in the half-plane C— AB, there is no point C’, different from C, such that 
AC= AC and BC=BC't 

Theorem 1. From O, Cand M follows A_,. 

Proof. If this theorem is not true, then there exists a space for which O, C 
and M are true but which contains four distinct coplanar points A, B, C’, C” 
such that C’ and C” are on the same side of AB and moreover BC’= BC” 
and C’A = CA. In ease the straight lines C’C” and AB have a point P in 
common, then with use of Theorems 15, 16, 17 and 3 it may be seen that 
AB APC’ =A APC", and thus PC’ = PC’, but this is impossible according 
to C,, and the hypothesis that C’ and C” are on the same side of AB. In 
case the straight lines C’C” and AB have no point in common, then A and B 
are on the same side of the straight line C’C”. According to M and Theorem 
22, there is a point S such that C”SC’ and C"S=SC’. There exists, as may 
be seen by use of O, a point P such that PSA and segment PB has a point 
S’ in common with segment C’C”. Consider A’s ASC” and ASC”, 
AS = AS by Theorem 3, while, by hypothesis, AC’ = AC” and C’S=SC". 
Hence, by Theorem 16, AASC’= A ASC”. With use of C,, C, and The- 


* By a half-plane is meant one of the two regions into which a plane is decomposed by a 
straight line which lies in it (cf. VEBLEN, loc. cit., pp. 363-365). If the straight line AB thus 
decom poses a plane into two regions and D lies in one of these regions then this region is called 
the half-plane D— AB. 

t Thus, according to Definition 3, 4 BAD = x CBE and A, is, then, a weak form of the propo- 
sition given in the statement of Theorem 4 of §5. Cf. HILBERT’s IV, 4, loc. cit., p. 14. 

{ Cf. HILBERT’s IV, 4, loc. cit., p. 14. 
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orem 3 it follows that PC” = PC’. Hence, by hypothesis, Theorem 3 and 
Definition 3, it follows that ¥C” BS’ = XC" BS’ and, consequently, by means of 
Theorems 17 and 3 and Definition 5, that C’S’ = S’C’, but this is impossible 
according to theorem 23. 

Corollary.* Given an angle BAC and a ray A’B,, there is, in a given 
plane containing A’B’ and on a given side of A’B’, not more than one ray 
A’C” such that ¥ BAC BAC". 

Theorem 2. From O, C and M follows A,. 

Proof. Suppose ABC, AB = BC and D is not on the straight line AC. 
According to M and Theorem 22, there is a point S such that ASB and AS=SB. 
By C,, there exists a point 2” such that DSE” and DS=SE’. According to 
Theorem 17 and Corollary to theorem 15, XSAD=xXSBE". But by C,, 
there is a point # such that E’BE and AD= BE. By theorems 13 and 14 
and Corollary to Theorem 15, X DAS=ZXCBE. But AB=BC and 
AD=BE. Hence, by theorem 11, BD = CE. 


§ 3. Consequences of O, C and A_,. 


In § 2 it has been shown that if M is assumed in addition to O and C, then 
there follow the two propositions A, and A_,. On the basis of O, Cand A_, 
we have the following propositions. 

Theorem 1. AABC=AABC if 
and AB= A’B. 

Proof. According to Theorem 1 of §1 there is a point C” on ray A’C’ 
such that AC = A’C”. According to hypothesis and Theorem 17, 
A ABC= A and thus (see Definition 5) x ABC=zx ABC’. But 
4 ABC=%A'BC’. By A_, and Theorem 1 of §1 it follows that either 
C” is C’ or, if not, then B’ is on the straight line C”C’ and, thus, on the 
straight line A’C’, contrary to hypothesis. So C” is C’. But A ABC= 
AA BC". Hence A ABC= ARC’. 

Theorem Of the three statements, BA C<¢BA'C, 
4 BAC>x BA'C’, not more than one is true. 

Proof. Make use of Definition 5 and A_,. For instance suppose 
4 BAC>xzBA'C’. Then, according to Definition 6, there exists a point 
D, in BAC, such that BA'C’ BAD. So, if x 
then 4 BAC =X BAD, and this could not be, in view of A_,; while, if 
4 BAC <% BA'C’,, then there exists, in ¥ BA’C’, a point D’ such that 
4 BAC=xzBATD. Then, according to original hypothesis and Theorem 
19,4 BAD >x BA'C’. Hence there exists, in x B’A’D’, and at the same 
*See IV, 4, loc. cit., p. 14. 


t Observe that it is not here stated that one of these statements is true. See Corollary to 
Theorem 2 of § 4. 
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time in ¥ B’A’C’, a point G” such that X¥ B’A’C’ = x B’A’G", but this could 
not be according to A_,. So, if 4 BAC>xXBA'C’, then neither 
4 BAC<4 BAC nor BAC=ZBAC. 

Theorem 3. If HGF, and I is not on the straight line HF’ and A is dif- 
ferent from C, and B, D, A and C are coplanar but neither B nor D is on the 
straight line AC, and BAC=% FGI and ACD=Z4IGH, then the rays 
CD and AB do not meet. 

Proof. Of course, the rays AB and CD cannot meet unless they are on the 
same side of the straight line AC. Suppose they are on the same side of AC. 
According to hypothesis and Definition 6, there exist points P and S such that 
either ray C'S is ray CD or ray CS isin ¥ DCA and moreover either ray AP 
is ray AB or ray AP is in CAB and furthermore X ACS = x HGI and 
4 CAP=2XFGI. Evidently, then, rays CD and AB cannot meet unless 
rays CS and AP meet. Suppose rays CS and AP do meet in a point M. 
There exists, according to C,,, a point M’ such that MCM’ and AM=CM’. 
Now, by Theorems 15, 13 and 14,4 CAM=xz ACM’. Hence, by Theorems 
3 and 17 and Definition 5,4 CAM =x ACM. But, by Theorems 15, 13 
and 14,4 ACM=% P’AC, where /” is any point such that PAP. It fol- 
lows, by means of A_,, that the points M, A and J/’ are collinear. So the 
straight lines AP and C'S unite in two* points M and M’, but this is impos- 
sible. Therefore rays AP and CS do not meet. 

Corollary. If HGF, and J is not on the straight line HF’, and A, B and 
C are three non-collinear points, and D is in the half-plane B— AC, and 
4 ACD =ZIGH, then the lines CD and AB have no 
point in common. 

Theorem 4. If ABC 'is a triangle and BC> AC, then ¥A>XB. 

Proof. By hypotheses, Theorem 7, and Definition 1, there exists, between 
Band C,a point D such that AC=CD. Since D is between B and C, it 
follows from Theorem 12 and Definition 6 that x BAC>x DAC. But, by 
construction and Theorem 21,4 DAC=xZXADC. Hence, by Theorems 12 
and 19,4 BAC>xCDA. But, by Theorem 2 and Corollary 2 to Theorem 
3 of §3, {CDA>xZXABC. Hence, by Theorems 3 and 19 of §1, 
BAC>ZXABC. 

Theorem 5. If D is within 4 BAC and D’ is within x¥ BA’C’ and 

Proof. It may be easily seen that there exist points 2, /’, £’, G’ on rays 
AC, AD, A’'C’, A'D respectively such that AF = A’E’, AF = A’F’, and 
EF and E'F’ cut rays AB and A’P’ in two points G and G’ respectively. 
By hypothesis and Theorem 17, and FF 
But it is clear that HFG and £’F’G’. Hence, by Theorem 15, 


* That Mand /’ are distinct is a consequence of O. 
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But {GAP and AF= AF’. Hence, 
by Theorem 1, FG = F’G’. But FF = E'F’. Hence, by C,, EG=EG. 
But AF = A’E’ and AG=A’G’. Hence, by Definition 3,4BAC=ZB AC’. 

Definition 7. A right angle is an angle that is congruent to its supplement. 
A straight line a is perpendicular to a straight line 4 if and only if they inter- 
sect in a point O and there exist two points, A and B, different from 0, A 
lying on a and B lying on 6, such that ¥ AOB is a right angle. 

Corollary. Every angle which is congruent to a right angle is itself a right 
angle. If the straight line a is perpendicular to the straight line 4, then 6 is 
perpendicular to a and if A and B are any two points different from 0, A 
lying on a and B lying on 6, then ¥ AOB is a right angle. 

Proof. See Theorems 12, 14 and 15 of § 1. 

Theorem 6. In each plane there is a right angle. 

Proof. Suppose A, B, C, are three distinct non-collinear points of a given 
plane. According to Theorem 1 of § 1 there exists, on ray AC, a point B’ 
such that AB= AB’. There isa point D such that ADB and, according to 
Theorem 6 of § 1, there is a point D’ such that BD'A, BD= BD’ and 
DA=D‘A. According to O, there is a point P such that BPD and Bb’ PD. 
Now 4 B' BA = x BBA (see Theorem 21). Hence, by Theorems 3 and 17 of 
S1ILABBD= Ths xz BDB and therefore, by The- 
orem 15, it follows that~PD'A =4PDA. Moreover, by Theorems 17 and 12 
and Definition 5,4PBD=z%PBD'. Hence A BPD = A BPD according 
to Theorem 1. Thus PD’'=PD. Nowalso DA=D‘'A. Hence, by The- 
orem 3 of § 1 and Definition 3,4 BAP=x BAP. According to O, there 
is a point W,on AP, such that BWB. By Theorems 17 and 3 and Definition 
5, MB = MBand x AMB=4XAMB. AMB is a right angle (see 
Definition 7). 

Corollary. If BAC is an angle, then there exists, within x BAC, a point 
O such that ¥ BAO =ZOAC. 

Theorem 7. If there is one perpendicular p to a straight line a, then, through 
each point of a, and lying in the plane pa, there is one and only one straight 
line perpendicular to a. 

Proof. Suppose O is the point at which p intersects a, C is any other point 
of a, and P is any other point of p. By C,, there exists a point P’ such that 
POP’ and PO=OFP’. There is also a point P” such that P’CP” and 
PC=CP". There is (see Corollary to Theorem 6) a ray CM in x PCP” 
such that PCM=x MCP". Now, also, X 
where OCO’. Hence (see Theorem 5) x MWCO=x%MCO. Hence, by defini- 
tion 7, MC is perpendicular to a at the point C. 

Suppose there is, in the plane pa, another perpendicular to a at the point C. 
Suppose NV is a point of this new perpendicular on the same side of a as M and 
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suppose CM’ and NCN’. Ray CN must lie either in XOCW or in xO'CM. 
Suppose it lies inxOCM. Then ray CN’ lies in O'CM’. According to 
Definition 7, Theorem 12, and Theorem 15, x MCO=xXM'CO and 
4 NCO=ZXN'CO. By Theorem 18, there is a point N” in x M’CO such that 
XOCN=OCN". But OCN=XOCN’' and ray CN’ is in XO'CM’ and 
thus is different from CN”. But this is impossible according to A_,. Thus 
CN cannot be in XOCM. Similarly it cannot be in YO'CM. There is, then, 
in the plane pa and passing through C’, not more than one straight line per- 
pendicular to a. 

Theorem 8. If there is one perpendicular p to a straight line a, and P is 
any point in the plane pa, then through P, and lying in this plane, there is 
one and only one perpendicular to a. 

Proof. If P is on a cf. Theorem 7. If P is not on a, suppose F’ is a point 
of p on the same side of a as P and O is the point where p meetsa. If P is 
on OF’, then certainly, through P, there is a perpendicular (OF’)to AB. If P 
is not on OF’, it is on one side of it. Suppose H is a point of a that is on the 
same side of OF’ as P. Then P lies inx HOF. There is (by C,,) a point 
F’ such that FOF" and OF =OF’. According to Theorem 18 there is, in 
x HOF’, a point P’ such that X POH=xZXHOP’. On ray OP” there is a 
point P” such that OP = OP". Since P and P” are on opposite sides of OH 
and on the same side of OF, there is a point M of ray OH such that PMP”. 
According to Theorems 3 and 17 of §1, AOMP=AOMP". So 
4% PMO=xz P’MO and thus PM is perpendicular to a. 

Now suppose that through P there is, in this same plane, another perpendicu- 
lar toa. Suppose this new perpendicular meets a in the point JZ’. There is 
a point p” such that PM’P”. According to hypothesis, Definition 7 and The- 
orems 13 and 14,4 MW’ P =x andx MP". According 
to Theorem 17, APMM'=AP’MM. So M=2XMM'P’. But 
4PMM=xP"MM. Hence, according to A_,, P” must lie on ray M'P” 
and thus the straight lines /P and M’P intersect in two points P and P”, 
but this is impossible. So there is through P, and in a given plane contain- 
ing a, not more than one perpendicular to a. 

Theorem 9. If in the plane of two intersecting straight lines there is a per- 
pendicular to one of them, then there is in this plane a perpendicular to the 


other one. 

Proof. Suppose that the straight lines a and 6 intersect in a point O and 
there is a perpendicular to a lying in the plane ab. Then, if B is any point of 
b other than O, it follows, by Theorem 8, that there is a point A on a such that 
BA is perpendicular to a. In case A is O, then a is perpendicular to 6, and 
the conclusion of Theorem 9 is evidently verified. In case A is not O, then 
there exist points A’ and B’, on b and a respectively, such that OA =O4A’, 


- 


1908] HYPOTHESES FOR GEOMETRY 497 


OB=OB’.. By Theorems 12 and 17, x BAO=xBA'O. But x BAO 
is a right angle. Hence, by the corollary to Definition 7, x B’A’O is a right 
angle. So BA is perpendicular to b. 

Theorem 10. If a is any straight line and P is any point, then in a given 
plane a containing P and a there is, through P, one and only one straight line 
perpendicular to a. 

Proof. By Theorem 6, there exists in a some straight line a to which there 
is a perpendicular lying ina. In case a is not a, suppose A and A’ are two 
points of a and a’ respectively. By hypothesis and Theorem 9 there is in a 
a perpendicular to AA’, and therefore, by Theorem 9, there is in a a perpen- 
dicular to a. Hence, by Theorem 8, through each point of @ there is, in a, 
one and only one perpendicular to a. 

Theorem 11. If a and 6 are two intersecting straight lines then there exist 
in the plane ab straight lines a’ and b’ which are perpendicular to a@ and b 
respectively and are such that each angle that a makes with a= each angle 
that b’ makes with 6. 

Proof. See Theorem 10 and proof of Theorem 9. 


§ 4. Consequences of O, C, A_, and A,. 


In § 2 it was shown that A, as well as A_, was a consequence of O, C and 
M. On the basis of O, C, A, and A_, we have the following propositions : 

Theorem 1, Any two coplanar right angles are congruent to each other. 

Proof. Ifa side of one right angle is collinear with a side of another which 
is coplanar with it, it may be easily seen, with help of A,, Definition 7 and 
Theorems 1, 15, 13 and 14, that they are congruent to each other. From this 
result and Theorem 11 of § 3, it follows that two coplanar right angles are con- 
gruent to each other if the straight line which contains a side of one intersects 
the straight line which contains a side of the other. From this, 0, Theorem 
14 of § 1, and Theorem 10 of § 3, it follows that any two coplanar right angles 
are congruent to each other. 

Theorem 2*. If A, B, Care not collinear and D’, A’, B’ are not collinear, 
but A, B, C, D’, A’, B’ are coplanar, then, in the half-plane D’— A’B’, there 
is a point C’ such that ¥ BAC=x BA'C’. 

Proof. According to Theorem 10 of § 3, there exist points, / in the half- 
plane C— AB, and £’ in the half-plane D’— A’B’, such that x LAB and 
are right angles. According to Theorem 1, ¥ FAB=xE'A'B. 
Suppose ray AC lies within ¥ HAB. Then, according to Theorem 18 of 
§ 1 and Theorem 1 of § 4, there exists, in x E’A’B’,a ray A’C’, such that 
BAC=xZBA'C’. Proceed in a similar manner if AC is within B, AL 
(where B, AB). 


 *Cf. Hivperr’s, IV, 4, loc. cit., page 14. 
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Corollary. If ABC and A’B’C’ are two coplanar angles then either 
<4 ABC’, XABCH=LABC or 

Theorem 3. If ABC is a triangle and B is between A and JD, then 
4% DBC>xCAB. 

Proof. By hypothesis and Theorem 3 of § 3, neither x DBC <x CAB 
nor  DBC=xCAB. Hence, by corollary to Theorem 2 of § 4, 
4% DBC>xCAB. 

Theorem 4. If ABC is a triangle and BC> AC, then X BAC>ZX ABC 
and, conversely, if ¥ BAC>x ABC, then BC> AC. 

Proof. 1. Suppose BC > AC. Then, by Definition 1, there exists between 
Band Ca point D such that AC=CD. Since D is between B and C, it 
easily follows, from O and Definition 6, thatxy BAC>2xDAC. But, by 
construction and Theorem 21 of $1, XDAC=xXADC. Hence, by 
Theorems 12 and 19 of §1,4BAC>xZXCDA. But, by Theorem 3 of § 4, 
~CDA>xABC. Hence by Theorem 20 of §1,4 BAC>xX ABC. 

2. Conversely, suppose BAC>xX ABC. By Theorem 8 of § 1 either 
BC <AC, BC=AC or BC>AC. If BC<AC or BC=AC then, 
by Theorem 21 of § 1 and first part of present theorem, either x BAC <x ABC 
or X BAC=% ABC; and each of these, by Theorem 2 of § 3, is contrary 
to hypothesis. Hence BC> AC. 

Theorem 5. If x ABC is a right angle, or ¥ ABC’ > a right angle, of the 
plane ABC, then AC> AB. 

Proof. From hypotheses, Definitions 6 and 7, Theorems 19, 20 and 12 of 
$1, Theorems 3, 2 and 10 of §3 and Theorem 1 of § 4, it follows that neither 
4ACB=Z ABC wor ,ACB>XABC. Hence, by the corollary to The- 
orem 2 of §4,x ACB <x ABC. Hence, by Theorem 4 of § 4 and Defini- 
tion 6, AC> AB. 

Theorem 6. If ABC isa triangle, then AB + AC> BC. 

Proof. By C,,, there exists a point D such that CAD and AB= AD. 
By Theorem 21 of §1 X BDC=xZXDBA. Hence, by O and Definition 6, 
x DBC>xZXCDB. Hence, by Theorem 4 of §4, DO> BC. But, accord- 
ing to Definition 2, DO=AB+ BC. Hence AB+ AC> BC. 

Corollary. If ABC is a triangle and AB> AC, then AB— AC < BC. 


§ 5. Euclidean and Bolyai-Lobachevskian geometry. 


It is desired to prove that from O, C, K and P, follows Euclidean geometry 
and from O, C, K and the denial of P, follows Bolyai-Lobachevskian geometry. 

Definition 8. Two straight lines are said to be parallel to each other if they 
lie in the same plane and have no point in common. 

Theorems 1-5 are based on the assumptions O, C, K. 

* Cf. Theorem 2 of § 3. 
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Theorem 1, Every segment has a middle point. 

Proof. Suppose AB is a segment. Certainly there exists a point Y, of 
AB, such that AX < XB and a point Y, of AB, such that Al’> VB. 
For suppose P is any point of AB. By Theorem 8 of § 1, either AB< PB, 
AP=PBorAP>PB. If AP >PB, then, by Theorems 6 and 3 of § 1, 
there is a point P’ of AB such that AP = BP’ and PB= FPA and, by 
Theorem 7 of § 1 and Definition 1, it follows that AP’ < P’B. Similarly, if 
AP<PB, there exists a point P’ such that AP >PB. Finally, if AP=PB, 
any point D between A and P would be such that AD < DP, and there 
would exist a point D’ such that AD’> D’P. It is true then that there 
is at least one point XY of AB such that AX < XB and at least one point 

Y of AB such that AY > VB. By Theorem 8 of §1 Y could not be 
identical with X. The points of AB may then be divided into two classes, 
the class, [X], of all points such that AX < YB and the class, [2°], of 
all other points of AB. By Definition 1, O, and Theorems 9 and 8 of §1 
it is clear that no X is between two Y’s and no Y is between two X’s. 
Hence, by K, there exists a point J/ such that XMY for every X and Y which 
are different from 1. Suppose it were true that AM< MB. Then, by 
Theorems 6 and 3 of §1, there would exist a point N of AB such that 
AM = BNand MB = NA. Clearly M would be between A and V. Hence, 
by a previous argument, it would follow that there exists a point L, between MW 
and N, such that WL< LN. But, from this together with the fact that 
AM = BN, it would follow, from Definition 1 and Theorems 10 and 7 of § 1, 
that AL << LB. But this would be impossible. For then J would be an Y 
and we would thus have an X such that AJZX. Similarly it would be 
impossible that AM> WB. Hence AM = MB. 

This theorem having been established, it is clear that every proposition, given 
in the preceding part of this paper as a consequence of O, C and M, is also a 
consequence of O, C and K. Such propositions will therefore be freely referred 
to in this section. It is to be remembered that A, and A_, are propositions of 
this kind. 

Definition 9. If O is a point of a plane 8 and s is a segment, then the set 
of all points [ P ] of the plane 8, such that OP =s is called a circle. 

Theorem 2. Every circle is a Jordan curve. 

Proof. In his article “Theory of plane curves in non-metrical analysis 
situs,’* VEBLEN has given three sets of conditions as sufficient in order that a 
simple closed set of points, existing in a space in which K and the plane 
axioms of the set O hold true, should be a Jordan curve. These conditions are 
called the conditions of linear order, ordinal continuity, and geometrical conti- 
nuity respectively. 


* These Transactions, vol. 6 (1905), pp. 83-98. 
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If O is the center of a circle a, then every ray starting from O contains one 
and only one point of a. 

The points A, B, C, D of a are said to be in the order A BCD if the rays 
OA, OB, OC, OD are in the order OA —OB—OC—OD. From 0, K 
and this correspondence, it follows that the points of a satisfy, with reference 
to this order, the conditions of linear order and ordinal continuity. 

The condition of geometrical continuity will evidently be satisfied if the 
proposition can be established that, given any point P of a and any triangle A, 
which contains P, then there exist in that triangle two points, P, and P, of 
oc, such that every point on the are P, PP, will lie within Ap. To establish 
this proposition, proceed as follows: Given that A, contains the point P of the 
circle a, consider a segment s which is shorter than each of the perpendiculars 
from O to the sides of A,. These perpendiculars and this segment exist by 
Theorem 10 of § 3, Theorems 7, 8 and 9 of § 1, Definition 1 and O. By 
hypothesis, O, Theorem 5 of §4 and Detinition 1 and Theorem 9 of § 1, it fol- 
lows that every point 2”, such that PP’ <s, must be within A,. By Theorem 
10 of § 3, there exists, in the plane of a, a straight line a perpendicular to OP 
at the point P. On a there exist, by Theorem 1 of § 1, two points # and F, 
one on each side of P, such thats = PH ands= PF. Each of the rays OF 
and OF contains a point of a. Call these points P, and P, respectively. Let 
X be any point of aon the are P,PP,. Then either X is P or it is in 
4 POEorxz POF. Suppose XY is inx POE. Then the ray OX contains a 
point 1 such that PME. By Theorem 5 of §4, OM>OP. Hence 
OM>OX and therefore OXM. But from the fact that OP =OX and 
Theorem 21 of § 1 it follows that JOXP = XOP_X, and thus (see Theorem 3 
of § 3) OXP < a right angle (of the plane 2). Hence clearly, ¥ PX M>a 
right angle (of the plane a) and therefore, by Theorem 5 of § 4, it follows that 
PX<PM. But PM< PE and PE=s. Hence PX <s and therefore, 
by what has already been established, X is within A,. This same conclusion 
would, of course, have been reached had X been in ¥ FOP. Hence, if X is on 
the are P, PP,, it lies within the triangle A,. It is true then that every circle 
is a Jordan curve. 

Notation. %, means a circle whose center is A and whose radius is congru- 
ent 

Theorem 3. Any point P in the plane of the circle D, is within, on, or 
without D,, according as OP <r, OP =r,or OP>r. 

Proof. If P is any point in the plane of OD, such that OP >7, then, with 
the help of Theorem 5 of § 4, it may be seen that the straight line which lies in 
the plane of ©, and is perpendicular to OP at the point P has no point in 
common with D,. Hence, by the theory of Jordan curves, it follows that P 
is without D,. With the help of O, Definition 7 and Theorem 5 of § 4, it 
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may be seen that all points P such that OP <x lie in one of the regions into 
which ©, divides its plane. But it has already been established that all points 
such that OP >, lie in the outside region, and moreover the two regions, into 
which ©, divides all those points of its plane which do not lie on it, are non- 
vacuous and, finally, for every one of these points, either OP <r or OP >r. 
Hence all points P such that OP <r must lie within ©. 

Theorem 4, If A and A’ are two points and 7 and +” are two segments such 
that AA’ but either or < then, if and are 
coplanar, they have two points in common, one on each side of AA’. 

Proof. %, has two points, D and E,in common with the straight line AA’. 
It follows, by hypothesis, Theorems of § 1, Definition 9 and Theorem 2, that 
one of these points is within and the other is without 2’,. But the points D 
and £ are joined by two distinct segments of the Jordan curve Y, one of these 
segments lying entirely on one side and the other one entirely on the opposite 
side of DE. Hence, since Y’, also is a Jordan curve, %, and 2’, intersect in 
two points, one on each side of DE. 

Theorem 5.* If ABC is any angle and A’P is any ray, then in any plane 
containing A’B’ there exists, on each side of the straight line A’B’, a point C’ 
such that ¥ BAC =x BA'C’. 

Proof. On ray A’B’ there exists, by Theorem 1 of § 1, a point B” such 
that AB = A’B’. By hypothesis, Theorem 6 of § 4 and its corollary, and 
Theorem 4 of § 5, it follows that, on each side of A’ B’, there is a point C” 
such that AC = A’C” and BC=B’'C”. But AB=A'B". Hence, by 
Definition 3,% BAC =x B'A'C’. 

If P, is assumed in addition to O, C’, and K, then one has the following two 
theorems (6 and 7). 

Theorem 6.+ If 6 is any straight line of any plane 8 then there is some point 
B, in the plane 8 but not on b, such that through B there is not more than 
one parallel to 6. 

Proof. According to P,, there exists a straight line 6’ and a point B’ such 
that through B’ there is not more than one parallel to 6’. On 0b’ there exist two 
points C’ and D’. If bis any straight line in any plane # then on 6 there exist, 
by O and C,,, two points C and D such that C’D’'=CD. Furthermore, 
by Theorem 5 of § 5, there exists in the plane 8 a point B” such that 
4D C’B =4 DCB’. By Theorem 1 of § 1, there exists on ray CB” a point 
B such that C’B’=CB. Suppose that through B there are two parallels to 
6. Then one of these has a point / and the other a point F on that side of 
BC on which D lies. By Theorem 5 of § 5, there exist in the plane D'C'B, 


* See HILBERT’s IV, 4. 

{See VEBLEN’s XII. It may here be remarked that VEBLEN’s form of statement lacks the 
proviso that B should not lie on db. 
Trans. Am. Math. Soc. 33 
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and on that side of B’C’ on which D’ lies, two points, Z’ and F”, such that 
4 CBE=4C'BE' By Theorem 13 of § 1, and A_,, 
the straight line B’F” must be distinct from the straight line BE’. But neither 
of these straight lines can have a point in common with C’D’. For suppose 
the ray B’F’ and the straight line C’D’ had a point G’ in common. G’ would 
evidently lie on the ray C’D’. By Theorem 1 of § 1, there would exist, on 
the ray CD, a point G such that C’G’ = CG. Then one would have 
O'B = CB, 4G O'R =xGCBand C’G’ = CG. Hence, by Theorem 17 of 
§ 1 and Definition 5, it would be true that x C’B’G’ =x CBG. But, by con- 
struction, ¥ CBF = x C’ BG’. Hence, by Theorem 13 of § 1 and A_, (which 
by Theorem 1 of §2 is a consequence of O, C, and M) the ray BF would 
be the same as the ray BG. Hence ray BF would have a point in common 
with ray CG, contrary to hypothesis. In a similar manner, with the help of 
Theorem 15 of $1, it could be shown that the other ray of the straight line 
BF’ could not have a point in common with C’G’. Hence the straight lines 
and C’D' have no point in common. Similarly, and C’D have no 
point in common. But then there exist, through B’, two parallels to and 
this is contrary to hypothesis. Thus the assumption that through the point B 
there are two parallels to 6 would lead to an absurdity. Hence through B there 
is not more than one parallel to b. 

Theorem 7. If a is any straight line and A any point not on it, then through 
A there is one and only one straight line parallel to a. 

Proof. See Theorem 43 of VEBLEN’s “ A System of Axioms for Geometry.” 

In view of Theorems 1, 4 and 6 of the present section, C,, Theorems 1, 3, 
5, 12, 14, 17 of § 1 and Theorem 1 of § 2, it is clear that from O, C, K, P, 
follows a geometry in which HILBERT’s axioms of groups I-IV hold true. 
One may then proceed, as is, for example, indicated in HILBert’s Festschrift 
and Hatstrep’s Rational Geometry, to derive a theory of proportion, etc., and 
then, with the use of A’, one may finally develop an analytic geometry exhibit- 
ing a one to one correspondence between the points of our geometry and the 
number triples of the real continuous number system, this correspondence being 
such as to preserve all relations of congruence and order. Thus would be 
established the following theorem : 

Theorem 8. From O, C, K and P,, follows Euclidean geometry. 

In case the contradictory of P, were assumed in addition to O, C and K, 
then in place of Theorem 7 one would have Theorem 39 of VEBLEN’s A Sys- 
tem of Axioms for Geometry and again a correspondence could be established 
between points and number triples, this correspondence also being such as to 
preserve all relations of order and congruence.* The following theorem would 
then be established : 


*In this case congruence and order for this system of number triple would of course be introduced 
by definitions different from those used in the case of the correspondence with Euclidean geometry. 
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Theorem 9. From O, C, K and the denial of P, follows Bolyai-Loba- 
chevskian geometry. 

Tt is thus seen that if O, C and K are true of a space, then that space must 
be either Euclidean or Bolyai-Lobachevskian. 


§ 6. Semi-quadratie geometry. 


In this section will be given several sets of assumptions, any one of which 
sets is sufficient for the establishment of semi-quadratic or plane semi-quadratic 
geometry. By semi-quadratic geometry is meant the set of propositions which 
follow from Hitpert’s I-IV. In the case of such a geometry rigid motion is 
possible, there is a codrdinate system and a theory of proportion ; and, speak- 
ing in terms of this theory of proportion, if a,, a,,a@,,---,4@, are any finite 
number of segments and F’(a,, a,, @,, ---, @,) is any rational function of these 
segments, then there exists a segment equal to #’(a,, a,, a,,---, @,) and alsoa 
segment equal to Va? + 6.* 

Use will be made of the following additional notations for propositions : 

R, (equality of right angles). Jf ABD, A’BD'’, ABC =xZXCBD and 
4A'BC'’ =4C'BD, thnx ABCH=ZXABC’. 

By R? is meant the proposition R, with the proviso that the angles ABC 
and A’B’C’ are coplanar.+ This superscript, “pl ,’”’ may sometimes be used in 
notations for other propositions in order that their application may be similarly 
restricted to the case of coplanar points. 

D,,, (shortest distance proposition).{ Jf A, Band Care non-collinear, ACB, 
CB = CB, and B’ is a point on ray AC such that AB = AB’, then ABB. 

P, (perpendicular to a straight line).§ Jf ABC, then in any plane contain- 
ing these points there exists a point D such that % ABD =z DBC. 

A,.|| If A, B and C are three non-collinear points and A’, B’ and D' are 
three non-collinear points and BA = BA’, then in the half-plane D'A'B’ there 
exists one and only one point C’ such that AC = A'C’ and BC= BC’. 

A,f. If ABC and 4 A’BC are two angles and BA = BA’, then either 
there is a point C” on the ray BC such that A’C’ = AC” and B'C’ = BC", 
or there is a point C” withinx ABC such that A’C’ = AC” and BC = BC", 
or there is a point within X A’ B’C’ such that AC = and BC = 
but for these given angles no two of these statements can both be true. 

P,. In every plane « there is a straight line a such that if A is any point of 
 *See HILBERT’s Grundlagen der Geometrie. 

+See Theorem 1 of § 4. 

{See Theorem 6 of § 4. 

§ For a stronger proposition see Theorem 10 of § 3. 

|| Cf. Theorem 2 of § 4 and A_» (see §2). Cf. also HILBERT’s IV, 4. 

{| If x ABC and x A’B’C’ are two angles then either x A’ B’C’ = X ABC or X A’B’C’ >X ABC 
or X A/BC’ KX ABC but no two of these cases can occur simultaneously. Cf. Definition 6, 
also Theorem 2 of § 3 and corollary to Theorem 2 of § 4. 
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a not ona, then through A and lying in a there is not more than one straight 
line which has no point in common with a. 

Theorem 1. From O”', C, M, and P, follows plane semi-quadratic geometry. 

Proof. See Theorems 1, 3, 5, 12, 14, 17 of § 1 and Theorems 1 and 2 of 
§ 2 and Theorem 2 of § 4. The proposition that through each point there is 
one and only one parallel to any given straight line may be proved with the 
help of P, by a method which is suggested in proof of Theorem 6 of § 5. 

Theorem 2. From O”, C, A_,, A,, P,, follows plane semi-quadratic 
geometry. 

Proof. In the proof above indicated for Theorem 1, WM is used only to 
demonstrate A_, and A,. 

Lemma 1. From Cand D,, follows A_,. 

Proof. Suppose O, Cand D,, are true and A_, is not. Then there exist 
three non-collinear points A, B, C,, and a point C’, all in the half-plane C— AB, 
such that AC = AC’ and BC= BC". According to O, there exist points 
A’, B’ such that ACA’, BCB’. There are five cases. 

I. If C’ is in x ACB’, then segments AC and BC" have a point O in com- 
mon. According to D,, AO + OC'>AC' and OC+ BO>BC. Thus 
(A0+0C)+(0C’'+ BO)>BC+AC’. Hence AC+BC'>BC+AC’; 
this is impossible in view of the hypothesis that AC = AC’ and BC= BC’. 

II. If C’ is in X BCA’, argue in a similar manner. 

III. If C’ is in ¥ ACB, then there exists a points D such that AC’D, 
BDC. Now AC+ CD>AD. Hence AC+CD+ DB>AD+ DB, 
AC+CB>AC+CD+DB. But CD+ DB>C'B. Therefore 
AC+CB> AC’ +C’B, and this is impossible in view of hypotheses. 

IV. If C’ is in x A’ CB’, proceed as in case III. 

V. If C’ is on the straight line AC or the straight line BC, proceed with C 
or C’ as in case III with D. 

Thus in any case it would be impossible that O, C and D,, should be true 
and A_, false simultaneously. 


Lemma 2, From O, C and P 


_ it follows that through any point there is 
at least one perpendicular to any given straight line. 

Proof. See the proof of Theorem i0 of § 3. 

Lemma 3. A_, is a consequence of O, Cand P_. 

Proof. Suppose C’, A and B are three non-collinear points and C” is a 
point in the half-plane C— AB such that CA =C’A and CB=C’B. By 
Lemma 2, there is, on the straight line AB, a point D such that CD is per- 
pendicular to AB. In case D coincides with A, then ¥ BAC isa right angle 
and therefore, by hypothesis and corollary to Definition 7 of § 3,4 BAC isa 
right angle and hence, by P, and C,,, C’ is C. If D does not coincide with 
A, then, by Theorem 17 of §1, ADC =ZXADC' and DC=DC’. But 
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% ADC is a right angle. Hence, by the corollary to Definition 7 of § 3, 
4 ADC’ is a right angle, and therefore, by P_, ray DC’ coincides with ray 
DC. But DC=DC’. Henee, by C,,, C’ is C. 

Theorem 3. From O”', C, A,, D,, and P, follows plane semi-quadratic 
geometry. 

Proof. See Lemma 1 and Theorem 2. 

Theorem 4. From OQ, C, A, and P, follows semi-quadratic geometry. 

Proof. Compare Theorems 1, 3, 5, 12, 14, 17 of § 1 and Definition 3 and 
A, with Hripert’s group IV of axioms. Use argument, concerning parallel 
proposition, suggested in proof of Theorem 1 of § 6. 

Theorem 5. From O, C, A_,, R, and P, follows semi-quadratic geometry. 

Proof. It may be seen, from the proof of Theorem 2 of § 4, that A, is a con- 
sequence of O, C, A_, and R,. But, by Theorem 4 of § 6, from O, C, A, 
and P, follows semi-quadratic geometry. 

Theorem 6. From O, C, P.,, R4, P, follows semi-quadratic geometry. 

Proof. See Lemma 3 and Theorem 5. 

Theorem 7. From O, C, D,,, R, and P, follows semi-quadratic geometry. 

Proof. See Lemma 1 and Theorem 5. 

Theorem 8. From O, C, Ag and P, follows semi-quadratic geometry. 

Proof. According to Theorem 4, this theorem will be established if it is 
shown that A, is a consequence of O, Cand A,. 

Suppose A, B and C are three non-collinear points and D’, B and LE’ are 
three non-collinear points. On the ray BD’ there is a point A’ such that 
BA = BA’. To prove that in the half-plane EL’ — A’B’ there is one and only 
one point C’ such that* BC=BC’ and AC=A’C’, argue as follows. 
According to A, either (I), there is a point C’, on B’E’ or in x A’ BE’, 
such that BC= BC’ and AC = A’C’, or (II), there is a point C” within 
4 ABC, such that ¥ ABC” =x A’B’E’. In this last case there is, on the 
ray BC”, a point F such that AFC. By Theorem 11 of § 1 there exists on 
ray B’E’ a point F’ such that AF = A’F’ and BF= BF’, By C,, there 
is a point C’ such that A’F’C’ and FC = F’C’. By C, and Theorem 11 
of §1, AC=A’'C’ and BC=BC". 

Suppose there were, in the half-plane E’— A’ B’, two points C’ and C” such 
that AC = A’C’ and BC= BC”. Then, by C,, and O, either C” is within 
4 A’BC’ or C’ is within ¥ A’B’C”. Suppose, for instance, C” is within 
4 A’BC’. Then, by hypothesis, Definition 3 and Theorems 11 and 18 of § 1, 
there exists within x ABC a point C” such that BC” = BC” and 
A’C” = AC”. But, by hypothesis, C, and Theorem 4 of § 1, A’C’ = A’C” 
and B’C’= BC”. Hence, by C,, A’C’ = AC” and B’C’= BC”. 
But C” is within A’B’C’ and AC = A’C” and BC= BC". Thus the 
*Cf. As, page 503. 


ah 
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supposition that there are two points C’’ and C”, in the half plane E’A’B’ 
such that AC = A’C’, BC = B’C’, AC = A’'C” and BC= B’'C", would 
lead to a contradiction with A,. 

Theorem 7 is therefore established. 


§ 7. Geometry of the rule and compasses. 


In this paragraph will be considered several sets of assumptions, from any one 
of which sets follows a geometry in which all ordinary rule and compasses con- 
structions are possible. 

Two propositions concerning intersections of straight lines with circles, or of 
circles with each other, will be considered and will be referred to by means of 
the following notations : 

I,.* If A, Band C are non-collinear points and P is between A and B, 
then there is, on the straight line DC, a point B’ such that AB = AB. 

I,.t If APD, PBP’, ADP’, PB = BP’, AD= AD, and all of these 
points lie in a plane, and this plane is decomposed by the straight line PB into two 
regions,t then, in each of these regions, there is a point C such that AC = AD and 
BC= BP. 

Lemma. M is a consequence of O, C, and J,. 

Proof. Suppose A and B are two different points. From O and C it easily 
follows that there is a point P, between A and B, such that AP> PB. 
Then there is, by Theorems 3 and 6 of $1, a point P’ such that AP'B, 
AP’ =PB,and P’B= AP. Evidently AP’P. Hence, by J,, there exist 
two points D and D’, on opposite sides of AB, such that 


BD= AD= BD =AD = AP. 


Segment DD’ meets the straight line AB in a point M. According to 
Definitions 3, 5 and Theorems 3 and 17 of §1, WA =MB. Thus every 
segment has a middle point. 

Lemma 2. I, is a consequence of O, C, M, P, and J,. 

Proof. According to Theorem 1 of §6, plane semi-quadratic geometry is a 
consequence of O”', C, M, P,. So a theory of proportion and an analytic 
geometry may be introduced. Now suppose one extremity of a diameter of 
C’, is within ©, and its other extremity is without ©. Take CC’ as x-axis 
and a perpendicular to CC” at the point C as y-axis. Equations of ©, and 
C’,, referred to these axes, are x? + respectively, 
where a is the abscissa of C’. It is evident, in view of J,, that for every value, 


* If a straight line lies in the plane of a circle and has a point within that circle then it inter- 
sects the circle. 

+ If a semicircle has one extremity, P, within and the other, P’, without a circle with which 
it is coplanar, then it bas a point in common with that circle. 

Cf. VEBLEN, loc. cit., pages 363 and 364. 
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a’, of x between — r and + 7, there is a value, y’, of y such that (a’, y’) satisfies 
With help of the fact that r+r’>a,a+r>r' anda+r'>r, 
it may be seen that }a-'(r? + a? — r’*) is between —rv and +r. Take for x’ 
this value. Then 


and, no matter which sign we take, these values of x’ and y’ evidently satisfy 
(e—ayv+y= r’”” as well as «? + y =r. Thus © and C’, intersect in two 
points, one on each side of CC’. 

Lemma, 3. J, is a consequence of O, C and J,. 

Proof. From O, C and J,, M follows, according to Lemma 1. Now sup- 
pose the straight line p lies in the plane of the circle ©, and passes through a 
point P which is within that circle. If P is the same as C’, then, by Theorem 
1 of § 1, p evidently has a point in common with €,. If P is different from C, 
it follows from O, C and M (see Theorem 10 of § 3), that there exists on p 
a point D such that CD is perpendicular to p. By C,, there is a point C’ 
such that CDC’ and CD= DC’. Then, evidently, according to hypothesis, 
Theorem 5 of § 4, Theorems 1 and 2 of § 2, and J,, ©, and ©’ have a point 
Fin common. Hence, according to Definitions 3 and 7, FD is perpendicular 
to CD. Hence, by Theorem 10 of § 3, F lies on the straight line p. So p 
and © have a point /’ in common. 

Theorem 1. From O, C, I,, and P, follows a “ Geometry of the Rule and 
Compasses.” 

Proof. With the help of Theorem 1 of § 6 it may easily be seen that a geome- 
try of the rule and compasses for each plane follows from O, C, M, P, and J,. 
Our present theorem will then be established if it is proved, (I), that 1/7 follows 
from O, C, P, and J,, and, (II), that a geometry of the rule and compasses 
follows from J,, P,, O, and geometry of the rule and compasses for each plane. 
Now JM follows from O, C’, P, and J,, according to Lemma 1; and (II) is 
evident in view of the fact that Theorem 5 of § 5 is proved as a logical conse- 
quence of J, and plane semi-quadratic geometry for each plane. 


§ 8. Independence of each assumption in the set composed of K, P,, C and O. 


The following “ independence examples ” are constructed to show that each 
assumption of the set composed of K, P,, C, and O is independent of the 
remaining ones. 

Example for order Aviom I. Use VEBLEN’s K; (loc. cit., page 353). 

Example for order Axiom III, Consider four points A, B, C, D in the 
orders ABC, ACB, ADB, BAD, BCA, BDC, CAD, CBD, CDA, 
DAC, DBA, DCB. Consider that every segment = every segment. 

Example for order Axiom IV. Use VEBLEN’s K,y. Consider that every 
segment = every segment. 


508 R. L. MOORE: METRICAL [October 


Example for order Axiom VI. Points are all integers (including 0). OK4 
and 4K0 for every point K except — 1, 0,4 and 5. —1, 0 and 4 are in the 
orders —104 and 40—1. 0,4 and 5 are in the orders 045 and 5 40. 
If, in the ordinary sense,0 << A <4, C>4 and 0< B<5, then if and 
only if B— A=C— B—1. If, in the ordinary sense, 0 << A <4, C<0 
and —1< B<4, then {42¢} ifand only if A —-B= B—C—1. IfDand E 
are two integers and there is no integer C’ such that DEC according to these 
definitions given above, then {2%¢} if and only if H#—C= D—E. Every 
segment = every segment. 

According to this plan one has the following orders : 


841 13 4 —403 30-4 
742 247 —3 02 20-3 
64: 3.4 6 —201 10-2 
63 1 13 6 —213 3 1 —2 
5 40 0 44 —104 40-1 
5 3 2 235 —112 21-1 


0K4 and 4K0 for every integer A + — 1,0, 4 or 5; and in case A and B are 
two integers which are not respectively the first and second element of any one 
of these triads, then ABC if and only if A -—- B= B—C. 

Example for order Axiom VIT. VEBLEN’s Ky. Every segment = every 
segment. 

Example for order Axiom VIII, VeEBLEN’s Kyy; Every segment = 
every segment. 

Example for order Axiom 1X. VEBLEN’s Kix. Congruence ordinary. 

Example for order Axiom X. VEBLEN’s K,,. Congruence ordinary. 

Example for order Axiom XI or K. Some non-Archimedean geometry, for 
example that of (cf. TowNsEND’s translation of HiLBert’s Grund- 
lagen der Geometrie, page 34). 

Example for P,. Consider any of the ordinary proofs of the compatibility 
of Bolyai-Lobachevskian geometry. : 

Example for C,,. Define points as the points of ordinary Euclidean space 
that lie on one side only of a given plane, consider these points to be ordered 
just as in the ordinary sense and two segments to be congruent to each other if 
and only if they are congruent in the ordinary sense. Then K and P, are 


satisfied and so are all the assumptions of C except C’,. 

Example for C,,. Consider points to be all the points of ordinary Euclidean 
space ordered in the’ ordinary manner, but consider every segment as being 
congruent to itself and every other segment. Evidently C,, is the only assump- 
tion of K, P, and C that is not satisfied in this example. 

Example for C,. Consider points to be all the points of ordinary Euclidean 
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space ordered in the usual manner, but consider that every segment is congru- 
ent to every segment which in the ordinary sense is just twice as long. 

Example for C,. Consider points to be the points of ordinary Euclidean 
space ordered in the usual manner, but consider that there is one segment AB 
such that CD = C’D’ if and only if C’D’ is congruent to AB in the ordinary 
sense. 

Example for C,. Consider points to be the points of ordinary Euclidean 
space ordered in the usual manner. Consider a certain fixed plane p and 
regard two segments neither of which is perpendicular to that plane as being 
congruent to each other if and only if their orthogonal projections upon that 
plane are congruent to each other in the ordinary sense ; in case only one of 
them is perpendicular to p, regard them as congruent if and only if this one is 
congruent in the ordinary sense to the projection of the other one upon p; 
finally, if they are both perpendicular to p, regard them as congruent if and 
only if they are congruent in the ordinary sense. 

As was suggested by Professor E. H. Moore, the independence example here 
given for C, does not prove C, independent of K, C and the negative of P,. 
But all of the other independence examples here given (except, of course, that 
for P,) do apply if the negative of P, is substituted for P, and Bolyai-Loba- 
chevskian space is used instead of Euclidean. Of course the negative of P, is 
shown to be independent of O, Cand K if point, order and congruence are 
taken as those of ordinary Euclidean space. 


§ 9. Independence of each postulate in the set composed of I,, P,, Cand O. 


Except for C,, and J, use the same examples as in § 8. 

To prove C,, independent, observe that all the assumptions P,, C, J,, except 
C,,, are satisfied, either “ vacuously ” or otherwise, if “ points ” are all the points 
of ordinary Euclidean space ordered as usual, no segment, however, being 
congruent to any segment. C,, C,, C, and J, are, in this case, “satisfied 
vacuously.”’ 

To prove J, independent, consider the space obtained by omitting all the 
points of Euclidean space except those whose codrdinates are rationally expres- 
sible in terms of expressions of the form r where r is an integer. 


§ 10. Relation of parallel assumptions to introduction of congruence by definition. 


With use of O, K (or order “ Axiom XI”), and VEBLEN’s Axiom XII* 
(concerning parallels), congruence may + be introduced by definition, so that, if 
O, K and XII are true of a space, then there must exist between the segments 
of that space a relation satisfying, for example, all of my assumptions C. But 


* See footnote on page 501. 
t VEBLEN, loc. cit., page 383. 


510 R. L. MOORE: METRICAL [October 


this is not true if XII is replaced by the weaker postulate P,, as may be seen 
with help of the independence example obtained by considering a certain fixed 
plane in ordinary Euclidean space and regarding as “ points” only those points 
of this space which are on a certain side of this fixed plane, these points being 
ordered as usual. Here O, K (also XI) and P, are satisfied. But there can- 
not exist among the segments of this space a relation satisfying assumptions C. 
For in that case this space would be, according to § 5, ordinary Euclidean space 
and thus, in particular, through each point outside of any given line there would 
be only one parallel to that line, as is manifestly impossible. 


§ 11. Relation of continuity assumptions to introduction of congruence 
by definition. 


Theorem 1. It is not possible to prove that if the assumptions* O, P,, 
C,,, C,, C;, C, (call this the set S), hold true of a space, then there exists a 
definition for the symbol “ = ” such that the assumptions C and © will hold 
true with reference to the points and order in terms of which the assumptions 
of S are stated. 

Proof. Select any system (OX, OY, OZ) of three rectangular axes in ordi- 
nary Euclidean space and consider the space composed of all points whose 
coordinates with reference to this system are all rational, congruence and order 
relations being as usual. Call this space U and let the terms “original order” 
and “ original congruence ” be understood here as meaning the order and con- 
gruence here indicated for this space. Clearly O, P, and all of the assump- 
tions of C except C,, hold true of U with reference to this order and congruence. 
Suppose a new meaning could be given to the congruence symbol “=” such 
that the assumptions C and M would hold true for the space U with reference 
to the original order. Then, according to § 6, all the theorems of plane semi- 
quadratic geometry, in particular a theory of proportion, would hold true, with 
reference to this new congruence and the original order, for any planes in the 
space U. There would then exist on OX a point P such that, with reference 
to this theory of proportion, OP x OP = 20I where I is some point of OX 
(e. g., such that OJ = original unit). OP would then clearly not be, with refer- 
ence to this new congruence, rational in terms of OJ. But with use of P, it 
may be shown that any two segments which lie on OX, being rational in terms 
of each other with reference to the original congruence, would necessarily also 
be so with reference to this new congruence. To prove this let us first suppose 
that AB and CD are two segments of OX and AB = CD according to original 
congruence. By P, there exists a parallelogram ABEF in which AB and EF 

* By P, is meant the strong parallel assumption : If a is any straight line and A is any point 


not on a then, in the plane aA, there is one and only one straight line which passes through A 
and has no point in common with a. 
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are opposite sides. Manifestly EFCD will be a parallelogram in which EF 
and C’D are opposite sides. But it is clear that, in terms of our new as well as 
in terms of our old congruence, the opposite side of a parallelogram must be 
congruent to each other. Therefore, in terms of this new congruence, AB = EF 
and EF = CD and therefore AB = CD. It is true then that if AB and CD 
are segments of OX and AB=CD according td old congruence, then also 
AB=CD according to our new congruence. Now suppose that the segments 
AB and CD, of the line OX, are given as rational in terms of one another 
(instead of simply congruent to one another) in terms of original congruence. 
Then there exists a segment KL, on OX, such that AB can be divided into m 
segments and CD can be divided into n segments, all congruent in the original 
sense, to KL, m and n being positive integers. But these m +n segments of 
OX, being congruent to each other according to the original congruence, must 
also be congruent according to our new congruence, and thus AB and CD are 
rational in terms of one another according to new congruence. But it has been 
shown that, were such a new congruence possible, then there would exist on OY 
two segments, OP and OJ, which would not be rational in terms of one another 
according to this congruence. A contradiction would thus be obtained and 
such a congruence would therefore be impossible. 


§ 12. A question concerning the separation of the assumptions for a 
geometry into two sets. 


Theorem 1. It would be impossible to formulate a set (I) of assumptions 
expressed in terms of point and order alone and a set (II) of assumptions 
expressed in terms of point and congruence alone, such that any geometry 
satisfying the assumptions I and II must necessarily be ordinary Euclidean 
geometry with respect to the undefined symbols in terms of which I and II are 
stated. 

Proof. Consider a system of three rectangular axes OX, OY, OZ in an 
ordinary Euclidean space (FE). Consider a paraboloid of revolution (G) 
whose axis is OZ and whose vertex is O. Let order be as usual but consider 
that segment AB = segment A’ if and only if 


+ (Ya— + (94 — = — + (Yar — Ya P+ — 


the new coordinate, gp, being defined as 0 if P is on G, and otherwise as + the 
length of SP where S is the point in which G is cut by a parallel to OZ through 
the point P, and + or — is used according as P is on the same side of the sur- 
face G as is Z, or on the other side. Let C’ designate this particular congruence. 
It may be seen that any statement concerning point and order alone that is true 
for Euclidean space must hold true for the space £ with reference to the con- 
gruence C”. For if a straight line were defined as the locus of a point P 
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satisfying two linear equations of the first degree in xp, yp, gp, and, in accordance 
with this, a new order O’ were defined in the usual analytical manner, then one 
would have a Euclidean geometry concerning the points of the space FE, the 
congruence C’ and the order O’. But also, of course, any statement concern- 
ing points and order alone which is true of ordinary Euclidean space is true of 
our original order for the particular space ZH. But manifestly space E does 
not satisfy the theorems of ordinary Euclidean geometry with reference to ordi- 
nary order and the congruence C’. 


§ 13. Certain queries. 


I do not know as yet whether J/* is a consequence of O} and Ct. There 
are several other questions which could not be settled negatively without de- 
ciding this question. For example: Is D,, t a consequence of O, C, A, § and 
P,?{ Is A, a consequence of O, C, D,, and P,? Is R,t a consequence of 
O, C, A_,§ and P,? Is A_, a consequence of O, C, R, and P,? Is A, a 
consequence of O, C, A_, and P,? Is A_,a consequence of O, C, A, and P,? 

Another question is whether Theorem 1 of § 11 would be true if C,, were 
substituted for either C,,, C,, C, or C,. 

In § 6 it was shown that from O, C, M and P, follows a geometry for 
every plane of which all the theorems of plane semi-quadratic geometry hold 
true. Is then the semi-quadratic geometry of a three-space a consequence 
of O, C, Mand P,? This could be answered in the affirmative if it could be 
shown that in every space for which O, C and © are true all right angles are 
congruent to each other. It can be proved || that in such a space all coplanar 


right angles are congruent to each other. 


* See last sentence of § 1. 

+ See the opening pages of the paper. 
t See 26. 

3 See 2 2. 

| See Theorem 1 of 2 4. 
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